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1 Computational systems biology

The ultimate objective of systems biology research is the elucidation of the regulatory
networks and signalling pathways of the cell. The ideal approach would be the deduc-
tion of a detailed mathematical description of the entire system in terms of a set of
coupled nonlinear differential equations from dynamic (time series) data. To this end,
various mechanistic models have been proposed in the literature (e.g. see Cao and
Ren (2008), Xiao and Cao (2008), Wang et al. (2010), and Wilkinson (2006) among
others). These mechanistic models provide a powerful approach to the modeling of
small systems composed of a few components. However, since high-throughput mea-
surements at the cell level are inherently stochastic and most kinetic rate constants
cannot be measured directly, the parameters of the system would have to be esti-
mated from the data. Unfortunately, multiple parameter sets of nonlinear systems of
differential equations can offer equally plausible solutions, and standard optimization
techniques in high-dimensional multimodal parameter spaces are not robust and do
not provide a reliable indication of the confidence intervals. Most importantly, model
selection would be impeded by the fact that more complex pathway models would
always provide a better explanation of the data than less complex ones, rendering this
approach intrinsically susceptible to over-fitting.
Therefore, especially for static (steady state) data, correlation and mutual informa-
tion based relevance network approaches have been proposed by Butte and Kohane
(2000). As relevance networks neither distinguish between direct and indirect inter-
actions (e.g. correlations and pseudo-correlations) nor extract directed connections
(causal relationships), they cannot be seen as a sufficient remedy either. Therefore, in
the context of gene regulatory networks more sophisticated models, such as Gaussian
graphical models (Schäfer and Strimmer (2005a) and Schäfer and Strimmer (2005b)),
which are based on partial correlations rather than correlations, have been proposed.
Gaussian graphical models distinguish between direct and indirect interactions, but
they cannot extract causal relationships either. That is, in the first instance these
models learn which network components are directly associated with each other, but
there is no distinction between mere correlations and causations. However, having
learned a network with undirected edge connections, various techniques, e.g. those
methods proposed in Spirtes et al. (2001) or more recently in Basso et al. (2005) and
Margolin et al. (2006), can be applied to find some causal relationships (directed edge
connections) among the undirected edge connections of the network.
In the seminal paper by Friedman et al. (2000) machine learning methods based on
Bayesian network models have been proposed for the elucidation of gene regulatory
network structures. Bayesian networks can be applied to both static and dynamic
data so that they compete against mechanistic models for dynamic data and against
other graphical models, such as Gaussian graphical models and relevance networks,
for static data. Static Bayesian networks are based on directed (acyclic) graphs that
encode conditional (in-)dependencies, and partially directed graphs can be learned
from data (Spirtes et al. (2001) and Pearl (2000)). Partially directed graphs contain
both undirected edges, indicating correlated nodes, and directed edges, indicating
causal relationships. As discussed in Section 2.1 it depends on the underlying net-
work topology how many directed edges can be learned.1

In the last decade, in particular, novel dynamic Bayesian network models have been
developed by various authors, and nowadays dynamic Bayesian networks can be seen
as a promising trade-off between over-simplicity and loss of computational tractabil-

1An empirical cross-method comparison of the network reconstruction accuracies of relevance
networks, Gaussian graphical models and Bayesian networks for static (steady state) data can for
example be found in Werhli et al. (2006).
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ity (Cantone et al., 2009). In a nutshell, the idea is to simplify the mathematical
description of the biological system by replacing the coupled differential equations of
mechanistic models by simple conditional probability distributions of a standard form
such that the unknown parameters can be integrated out analytically. This results
in a scoring function (the ”marginal likelihood”) of closed-form that depends only on
the structure of the regulatory network and avoids the over-fitting problem referred
to above in the context of mechanistic models. Novel fast Markov Chain Monte Carlo
(MCMC) algorithms, as those proposed in Friedman and Koller (2003) and Grzegor-
czyk and Husmeier (2008), can be applied to systematically search the configuration
space of network structures for those networks that are most consistent with the
data. To obtain the closed-form expression of the marginal likelihood, two probabilis-
tic models with their respective conjugate prior distributions have been employed in
the past: the multinomial distribution with the Dirichlet prior, leading to the so-called
BDe score (Cooper and Herskovits, 1992), and the linear Gaussian distribution with
the normal-Wishart prior, leading to the BGe score (Geiger and Heckerman, 1994).
These approaches are restricted in that they either require the data to be discretized
(BDe) or can only capture linear regulatory relationships (BGe). A non-linear non-
discretized model based on heteroscedastic regression has been proposed by Imoto
et al. (2003). However, this approach no longer allows the marginal likelihood to be
obtained in closed-form and requires a restrictive approximation (the Laplace approx-
imation) to be adopted. Another nonlinear model based on node-specific Gaussian
mixture models has been proposed in Ko et al. (2007). Again, the marginal likeli-
hood is intractable. The authors resort to the Bayesian information criterion (BIC)
of Schwarz (1978) for model selection, which is only a good approximation to the
marginal likelihood in the limit of very large data sets.
The standard assumption underlying dynamic Bayesian networks (DBNs) is that of
homogeneity: temporal processes and the time-series they generate are assumed to be
governed by a homogeneous Markov relation. However, regulatory interactions and
signal transduction processes in the cell are usually adaptive and change in response
to external stimuli. Following earlier approaches aiming to relax the homogeneity
assumption for undirected graphical models (Talih and Hengartner (2005) and Xuan
and Murphy (2007)), various recent research efforts have therefore addressed the ho-
mogeneity assumption for dynamic Bayesian networks. An approach that has become
popular recently is based on a combination of a dynamic Bayesian network with a
multiple changepoint process, and the application of a Bayesian inference scheme via
Reversible Jump Markov Chain Monte Carlo (RJMCMC). Robinson and Hartemink
(2009) proposed a discrete non-homogeneous dynamic Bayesian network model, which
allows for different network structures in different segments of the time series, with a
regularization term penalizing differences among the network structures. Grzegorczyk
and Husmeier (2009c) proposed a continuous non-homogeneous dynamic Bayesian
network model, in which the parameters are allowed to vary, while a common net-
work structure provides information sharing among the time series segments. Lèbre
(2007), Lèbre et al. (2010), and Husmeier et al. (2010) proposed alternative contin-
uous non-homogeneous dynamic Bayesian network models, which are based on the
Bayesian linear regression model of Andrieu and Doucet (1999). The latter Bayesian
network models are more flexible in that they allow the network structure to vary
among the time segments. The Bayesian network model proposed in Kolar et al.
(2009) is a close cousin of a non-homogeneous dynamic Bayesian network. But as
opposed to the first four approaches, (hyper-)parameters are not consistently inferred
within the Bayesian context.
The above mentioned non-homogeneous dynamic Bayesian networks can be divided
into two classes according to whether changepoints are common to the whole net-
work (class 1 ), or varying from node to node (class 2 ). The approach of class 1, e.g.
pursued in Grzegorczyk et al. (2008), Robinson and Hartemink (2009), and Grze-
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gorczyk et al. (2011), is over-restrictive, as it does not allow for individual nodes to
be affected by changing processes in different ways.2 The approach of class 2, e.g.
pursued in Grzegorczyk and Husmeier (2009c), Lèbre (2007), Lèbre et al. (2010), and
Husmeier et al. (2010) is potentially over-flexible, as it does not provide any infor-
mation sharing among the nodes. When an organism undergoes transitional changes,
e.g. morphogenic transitions during embryogenesis, from larva to pupa or from pupa
to adult fly in Drosophila, one would expect the majority of genes to be affected
by these transitions in identical ways. However, there is no mechanism in the fully
flexible model that incorporates this prior notion of commonality. A novel model
that regularizes between a class 1 and class 2 models has been developed recently
(Grzegorczyk and Husmeier, 2011a) and will be presented in Subsection 3.3.6 of this
thesis.
The non-homogeneous Bayesian network models that will be presented in Subsec-
tion 3.3 of this thesis infer network structures that are kept fixed among time seg-
ments. In principle, as mentioned above, allowing the network structure to change
between segments leads to a more flexible model. However, the latter approach faces
a conceptual and a practical problem. The practical problem is potential model over-
flexibility.3 Owing to the high costs of postgenomic high-throughput experiments,
time series in systems biology are typically rather short. Modeling short time series
segments with separate network structures will almost inevitably lead to inflated in-
ference uncertainty, which calls for some information sharing between the segments.
The conceptual problem is related to the very premise of a flexible network struc-
ture. This assumption is reasonable for some applications, like morphogenesis, where
different time segments may be associated with different morphogenetic stages (e.g.
morphogenesis in Drosophila melanogaster (fruit fly), as presented in Robinson and
Hartemink (2009)). However, for most cellular processes on a shorter time scale, it
is questionable whether it is the structure rather than just the strength of the reg-
ulatory interactions that changes with time. To use the analogy of the traffic flow
network invoked in Robinson and Hartemink (2009): it is not the road system (the
network structure) that changes between off-peak and rush hours, but the intensity
of the traffic flow (the strength of the interactions). In the same vein, it is not the
ability of a transcription factor to potentially bind to the promoter of a gene and
thereby initiate transcription (the interaction structure), but the extent to which this
happens (the interaction strength).

2Changepoints in Robinson and Hartemink (2009) apply, in the first instance, to the whole net-
work (class 1 ), with changepoints that render parent configurations invariant removed for the re-
spective nodes. While this imbues the model with aspects of a class 2 approach, it suffers from the
fact that changepoints are inextricably associated with changes in the presence/absence status of
interactions, rather than changes in the interaction strengths, resulting in a loss of model flexibility.

3Note that as opposed to Lèbre (2007), the network models from Robinson and Hartemink (2009)
and Husmeier et al. (2010) partially addresses this issue via a prior distribution that discourages
changes in the network structure.
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2 Bayesian networks

2.1 Introduction

This section gives an introduction to static and dynamic Bayesian network methodol-
ogy and introduces some graph theoretic notations that will be required throughout
this thesis. The key idea behind Bayesian networks is the representation of condi-
tional (in-)dependency assumptions among variables using directed graphs. A di-
rected graph consists of nodes, each representing a random variable, and directed
edges representing dependencies among the variables (nodes). For a set with five ran-
dom variables, {A, . . . , E}, an example of a directed (acyclic) graph, which has five
directed edges, A → B, A → C, B → D, C → D, and D → E, is shown in the left
panel of Figure 1.
More generally, for random variables X1, . . . , XN the directed graph, G, implies a set
of conditional (in-)dependency relations. Conditional on the graph the distributional
form of the joint probability distribution, P (X1, . . . , XN |G), has to be chosen such
that these stochastical (in-)dependencies, encoded in the graph topology, G, are con-
served in the probabilistic model. Loosely speaking, the probabilistic model has to
be chosen such that an observed sample of realizations of the variables, X1, . . . , XN ,
can be ”explained” best by graphs that encode the true (in-)dependencies among the
variables.
More formally, following the Bayesian paradigm the goal is either to find the graph
with the highest posterior probability, e.g. by a greedy-search algorithm, or to sam-
ple graphs from the posterior distribution by Markov Chain Monte Carlo (MCMC)
algorithms.4 Given the data, D, the posterior distribution of a graph, G, is defined
as follows:

P (G|D) = P (D|G)P (G)
P (D) (1)

where P (D|G) is the marginal likelihood and P (G) is the prior probability of the
graph, G. The probability P (D) in Eq. (1) serves as a normalization constant5 and is
defined as follows:

P (D) =
∑

G⋆

P (D|G⋆)P (G⋆) (2)

where the sum is over all valid directed graphs.6 The marginal likelihood, P (D|G),
quantifies how likely the observed data are conditional on the graph, G. Assuming
that the true (in-)dependencies among the variables are actually inferable from the
data, D, high marginal likelihoods can only be reached by those graphs that imply
or approximate these true relationships. The graph prior distribution, P (G), is used
to assign a ”weight” to each graph. These weights do not depend on the data, D,
and can be used to include external knowledge, which may be available from previous
studies or other external sources.7 The greater the product of the marginal likeli-
hood, P (D|G), and the graph prior probability, P (G), the more plausible (likely) is
the graph, G, from a Bayesian perspective.

4Loosely speaking, the posterior probability, P (G|D), quantifies how much a graph, G, is ”sup-
ported” by the observed data, D; see Chapter 2 in Husmeier et al. (2005).

5The expression P (D) does not depend on the graph G.
6This definition of P (D) ensures that Eq. (1) is a probability distribution over graphs; in particular

Eq. (2) ensures the normalization:
∑

G
P (G|D) = 1.

7E.g. for applications in systems biology, graphs that are assumed to be more likely a priori, i.e.
before taking the data, D, into account, may receive a higher prior probability (”weight”) than other
graphs, which are assumed to be very unlikely from a biological perspective.
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If the data set consists of independent realizations of the variables, static Bayesian net-
work methodology has to be applied, as explained in more detail in Subsection 2.2,
and all valid graphs have to be directed and acyclic.8 If the variables have been
measured over time, dynamic Bayesian network (DBN) methodology is required, as
discussed in more detail in Subsection 2.4, and all directed graphs are valid.9

In systems biology, where the focus is on gene regulatory networks and protein path-
ways, the available data sets are often sparse. That is, there are many genes or
proteins (variables) that potentially interact with each other, but there are only few
observations, i.e. only few experimental measurements are made. The large number
of model parameters and the relative sparsity of observational data renders inference
computationally demanding. In particular, for sparse data the posterior distribution
in Eq. (1) tends to be flat and one single graph is not representative for the condi-
tional (in-)dependencies among the variables. There may be various graphs with high
posterior probabilities and these graphs possibly possess substantially different sets
of edges. The need to capture this inference uncertainty calls for expensive model av-
eraging approaches, e.g. bootstrapping or Markov Chain Monte Carlo (MCMC) sim-
ulations.10 MCMC simulations are indispensable when adopting a proper Bayesian
approach to inference, which tends to be computationally less expensive than the
frequentist approach of bootstrapping (Larget and Simon, 1999). From a practical
point of view, marginal posterior probabilities of certain (edge-)features (e.g. special
edge constellations) are of interest:

P (F |D) =
∑

G

P (G|D)IF (G) (3)

where F is a (edge-)feature, and IF (G) is an indicator variable, which is one if the
graph, G, possesses the feature, F , and IF (G) = 0 otherwise. Since the number of valid
graphs grows super-exponentially in the number of variables N (Chickering, 1996),
the full model averaging approach in Eq. (3) is computationally not accessible for
network domains with more than a dozen variables (genes). Thus, a sample from the
posterior distribution in Eq. (1) has to be taken, e.g. via Markov Chain Monte Carlo
(MCMC) simulations, as explained in more detail in Subsection 2.6, and the idea is
to average across this sample of graphs. Given that a graph sample of length T has
been taken from the posterior distribution in Eq. (1), one ”theoretically” expects all
graph with high posterior probabilities to be represented according to their posterior
probabilities.11 The frequency of a feature, F , in the graph sample, G1, ...,GT , is then
an adequate estimator, ̂P (F |D), for its true marginal posterior probability, P (F |D),
defined in Eq. (3):

̂P (F |D) = 1

T

T∑

i=1

IF (Gi) (4)

Recalling that P (D) is a normalization constant, it can be seen from Eq. (1) that the
posterior probability of a graph, P (G|D), is proportional to the marginal likelihood,
P (D|G), times the graph prior distribution, P (G), symbolically:

P (G|D) ∝ P (D|G)P (G) (5)

The graph prior distribution, P (G), can be used to incorporate biological prior knowl-
edge, or in the absence of genuine prior knowledge about the regulatory network, G,

8A directed graph is acyclic if there is no loop of directed edges; see Subsection 2.2 for details.
9In DBNs all directed graphs are valid independently of whether they are acyclic or not.

10Rather than searching for one single graph with the highest posterior probability, e.g. by greedy-
search algorithms.

11In practical applications, the MCMC simulation may have failed to converge so that this assump-
tion may be violated. To avoid misleading results it is important to check for proper convergence
and mixing; convergence diagnostics are discussed in Subsection 2.7.
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a uniform distribution may be assumed for P (G).12 Alternatively, P (G) may also be
chosen such that graphs are penalized according to their ”complexities”, e.g. quan-
tified as the number of edges. However, it is the marginal likelihood, P (D|G), where
the probabilistic Bayesian network model comes in: A probabilistic model has to
be chosen which is in consistency with the conditional (in-)dependencies encoded in
the graph, G. The probabilistic model determines the distributional form, F , of the
variables and the corresponding parameter vector, θ := θ|G, such that the condi-
tional (in-)dependencies implied by the graph, G, are conserved. Given a suitable
probabilistic model, the likelihood of the data, P (D|G,θ), can be computed for each
instantiation of the parameter vector, θ. The marginal likelihood, P (G|D), in Eq. (5)
is the integral of the likelihood over the whole parameter space:

P (D|G) =
∫

P (D|G,θ)P (θ|G)dθ (6)

where P (θ|G) is the prior distribution of the unknown parameter vector, θ. Employing

the marginal likelihood, P (D|G), rather than P (D|G, θ̂ML), i.e. the likelihood with

the maximum likelihood estimator θ̂ML for the unknown parameters, is beneficial,
since the marginal likelihood includes an inherent penalty for unnecessary complexity
and so efficiently guards against over-fitting (Bishop, 2006). The marginal likelihood,
P (D|G), will also be called the ”score” of the graph, G, throughout this thesis. In
the two most popular Bayesian network models the prior distribution, P (θ|G), of the
unknown parameters, θ, is assumed to be the conjugate distribution of the likelihood
distribution, P (D|G,θ), so as to obtain a closed form solution of the integral in Eq. (6).
These aspects will be introduced more formally in Subsection 2.2 for static Bayesian
networks and in Subsection 2.4 for dynamic Bayesian networks.

2.2 Static Bayesian network models

Static Bayesian networks (BNs) are interpretable and flexible models for representing
probabilistic relationships among interacting variables. The graph, G, of a BN con-
sists of a set of N nodes (variables), X1, . . . , XN , and a set of directed edges between
these nodes. If there is a directed edge pointing from node Xi to node Xj , symboli-
cally Xi → Xj or formally G(i, j) = 1, then Xi is called a parent (node) of Xj , and
Xj is called a child (node) of Xi. The parent set of node Xn, symbolically πn, is
defined as the set of all parent nodes of Xn, πn = {Xi|i = 1, . . . , N : G(i, n) = 1}.
There is a one-to-one mapping between the graph, G, and the N parent sets πn; i.e.
G(i, n) = 1 if Xi ∈ πn; and vice-versa G(i, n) = 0 if Xi /∈ πn. Hence, it can be written
symbolically: G = {π1, . . . , πN}. If a node Xk can be reached by following a path of
directed edges Xi → . . . → Xk starting at node Xi, then Xk is called a descendant
of Xi, and Xi is called an ancestor of Xk. The graph structure of a static Bayesian
network is defined to be a directed acyclic graph (DAG), that is, a directed graph in
which no node can be its own descendant.13 As an example, consider the directed
acyclic graph (DAG) shown in the left panel of Figure 1. There are five variables,
namely A, . . . , E, and node A is a parent node of both nodes B and C, i.e. B and C
are child nodes of node A. The parent set, πA, of node A is the empty set, as there
is no directed edge converging on node A. The parent set of node B is πB = {A},

12Werhli and Husmeier (2007) show how to extract and systematically incorporate biological prior
knowledge about edge connections from available network data bases.

13Graphically this means that a graph is acyclic if there are no cycles of directed edges (loops),
such as Xi → . . .→ Xi.
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Figure 1: A directed acyclic graph (DAG) and its CPDAG representation.
The left panel shows a directed acyclic graph (DAG) for the variables A, . . . , E. The
right panel shows the completed partially directed acyclic graph (CPDAG) represen-
tation of the DAG.

and the parent set of node D is πD = {B,C}. Since there is a path of directed edges
leading from node A to node D, e.g. A → B → C or A → C → D, node A is an
ancestor of node D, and vice-versa, node D is a descendant of node A.
In Bayesian network models the directed edges of the DAG are assumed to im-
ply several conditional (in-)dependence relations: Most importantly that (i) con-
ditional on its parent set, πn, each node, Xn, becomes stochastically independent of
its other ancestors, (ii) nodes without common ancestors are marginally stochas-
tically independent, and (iii) nodes with common descendants become stochasti-
cally dependent when conditional on one or more of their mutual descendants.14

As an example consider two small networks with three nodes A, B, and C: (i)
In the first network G1: A → B → C the nodes A and C are marginally de-
pendent, P (A,B|G1) 6= P (A|G1)P (C|G1), but conditional on its parent node B,
node C becomes stochastically independent of node A, symbolically P (C|A,B,G1)
= P (C|B,G1). (ii) In the second network G2: A → B ← C the nodes A and C are
marginally independent: P (A,C|G2) = P (A|G2)P (C|G2), but (iii) in the same net-
work G2 the nodes A and C have the common descendant B and therefore become
dependent when conditional on B, P (A,C|B,G2) 6= P (A|B,G2)P (C|B,G2).
Given a probabilistic model that ensures that the above mentioned assumptions (i)-
(iii) hold, it can be derived straightforwardly that conditional on a directed acyclic
graph, G, and a fixed parameter set, the joint probability distribution can be factor-
ized:

P (X1, . . . , XN |G,θ) =
N∏

n=1

P (Xn|πn,θn) (7)

where θ is the total parameter vector, composed of node-specific subvectors, θn.
Thus, DAGs imply sets of conditional (in-)dependence assumptions for static
Bayesian networks (BNs), and so factorizations of the joint probability distribution
in which each node Xn depends on its parent set, πn, only. The graph, G, in the
left panel of Figure 1, for example, implies the following factorization of the joint
probability distribution:

P (A, . . . , E|G,θ) = P (A|θA)P (B|{A},θB)P (C|{A},θC)P (D|{B,C},θD)P (E|{D}, θE)
(8)

14The first assumption (i) is known as the Markov assumption.
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In the context of static Bayesian networks, more than one DAG can imply exactly
the same set of conditional (in-)dependencies, and if two DAGs assert the same set of
conditional (in-)dependence assumptions, those DAGs are said to be equivalent. This
relation of graph equivalence imposes a set of equivalence classes over DAGs. The
DAGs within an equivalence class have the same underlying undirected graph, but
may disagree on the direction of some of the edges. Verma and Pearl (1990) prove
that two DAGs are equivalent if and only if they have the same skeleton and the same
set of v-structures. The skeleton of a DAG is defined as the undirected graph which
results from ignoring all edge directions. And a v-structure denotes a configuration,
Xi → Xn ← Xk, of two directed edges converging on the same node, Xn, without
an edge between Xi and Xk (Chickering, 1995). The DAG in the left panel of Fig-
ure 1 possesses one v-structure, namely: B → D ← C. Chickering (1995) shows that
equivalence classes of DAGs can be uniquely represented using completed partially
directed acyclic graphs (CPDAGs). A CPDAG has the same skeleton as the original
DAG, but possesses both directed (compelled) and undirected (reversible) edges. Ev-
ery compelled (directed) edge, Xi → Xj , in a CPDAG denotes that all DAGs of this
equivalence class contain this directed edge, while every reversible (undirected) edge,
Xi −Xj , in the CPDAG representation denotes that some DAGs in the equivalence
class contain the directed edge, Xi → Xj , while other DAGs in the equivalence class
contain the oppositely orientated edge, Xi ← Xj . A directed edge of the DAG is
compelled in the CPDAG if its reversal changes the set of v-structures, otherwise
it may be either compelled or reversible. In the DAG in the left panel of Figure 1
the edges B → D and C → D are compelled, as reversing one of these two edges
would delete the v-structure B → D ← C. The edge D → E is also compelled, as
its reversal would create two new v-structures B → D ← E and C → D ← E. The
remaining two edges A→ B and A→ C are both reversible. An algorithm that takes
as input a DAG and outputs the corresponding CPDAG representation can be found
in Chickering (2002). The CPDAG representation of the DAG in the left panel of
Figure 1 is shown in the right panel.
Because of these equivalence classes of DAGs (represented by CPDAGs) it is impor-
tant to keep in mind that not all directed edges in a static Bayesian network can
be interpreted causally, e.g. the edges A → B and A → C of the DAG shown in
Figure 1 cannot be interpreted causally, since they are reversible (undirected) in the
CPDAG representation. Like a Bayesian network, a causal network is mathemati-
cally represented by a DAG. However, the edges in a causal network have a stricter
interpretation: the parents of a variable are its immediate causes. In the presen-
tation of a causal network it is meaningful to make the causal Markov assumption
(Pearl, 2000): Given the values of a variable’s immediate causes, it is independent of
its earlier causes. Under this assumption, a causal network can be interpreted as a
static Bayesian network in that it satisfies the corresponding Markov independencies.
However, the reverse does not hold. The probability models for static Bayesian net-
works that are usually considered give the same scores (marginal likelihood values)
for equivalent DAGs, so that only equivalence classes (i.e. CPDAGs) can be learned
from static data.
The domain variables, X1, . . . , XN , can be composed to a random vector, ~X =
(X1, . . . , XN )T . Given a N -by-m data set matrix, D, that consists of m indepen-

dent realizations of this random vector, ~X, let Dn,i and Dπn,i denote the realizations
of Xn and πn in data point i. It then follows from Eq. (7) that the likelihood of static
Bayesian networks (BNs) is given by:

P (D|G,θ) =
N∏

n=1

m∏

i=1

P
(
Xn = Dn,i|πn = Dπn,i,θn

)
(9)
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where the node-specific subvectors, θn, specify the local conditional distributions in
the factorization. From Eq. (9) and under the assumption of parameter independence:

P (θ|G) =
N∏

n=1

P (θn|πn) (10)

the marginal likelihood, defined in Eq. (6), is given by

P (D|G) =

∫
P (D|G,θ)P (θ|G)dθ =

N∏

n=1

Ψ(Dπn
n ) (11)

Ψ(Dπn
n ) =

∫ m∏

i=1

P
(
Xn = Dn,i|πn = Dπn,i,θn

)
P (θn|πn)dθn (12)

where Dπn
n := {(Dn,i,Dπn,i) : 1 ≤ i ≤ m} is the subset of data pertaining to node Xn

and its parent set, πn. For each variable, Xn, the term Ψ(Dπn
n ) is usually called the

local score of Xn (n = 1, . . . , N).
In the BGe model (Geiger and Heckerman, 1994) a linear Gaussian distribution is cho-
sen for the local conditional distribution, P (Xn|πn,θn) in Eq. (12), and the conjugate
normal-Wishart distribution is assigned to the local prior distributions, P (θn|πn).

15

The BDe model (Geiger and Heckerman, 1994) can be used for discrete data. The
local conditional distributions, P (Xn|πn,θn), in Eq. (12) are then assumed to be a set
of multinomial distributions (one for each realization of the parent nodes), and conju-
gate Dirichlet distributions are assigned to the local prior distributions, P (θn|πn).

16

Under fairly weak regularity conditions discussed in Geiger and Heckerman (1994)
(parameter modularity), the integral in Eq. (12) has a closed form solution for both
Bayesian network models (BGe and BDe) and equivalent scores are assigned to equiv-
alent DAGs.

2.3 The Gaussian BGe model for static Bayesian networks

This section describes the linear Gaussian BGe scoring metric (Bayesian metric for
Gaussian networks having score equivalence) for static Bayesian networks as developed
by Geiger and Heckerman (1994). Given a data set, D, with m observations of the
nodes (variables), X1, . . . , XN :

D =




D1,1 D1,2 . . . D1,m−1 D1,m

D2,1 D2,2 . . . D2,m−1 D2,m

...
...

...
...

...
DN,1 DN,2 . . . DN,m−1 DN,m


 (13)

so that Dn,j denotes the j-th realization of the n-th node, Xn, let D.,j denote the j-th
column of D: D.,j = (D1,j , . . . ,DN,j)

T , i.e. the j-th realization vector of the N nodes.
The Gaussian BGe model assumes that the observation vectors, D.,j (j = 1, . . . ,m),
are a random sample from a multivariate Gaussian distribution, N (µ,Σ), with an
unknown mean vector, µ, and an unknown covariance matrix, Σ. The prior joint
distribution of the mean vector, µ, and the precision matrix, W = Σ−1, is supposed
to be the normal-Wishart distribution, that is, the conditional distribution of µ given

15Bayesian Gaussian (BG) network model with score equivalence (e).
16Bayesian Discrete (BD) network model with score equivalence (e).



2.3 The Gaussian BGe model for static Bayesian networks 17

W is the N (µ0, (v ·W)−1) Gaussian distribution, where v > 0, and the marginal
distribution of the precision (inverse covariance) matrix, W, is a Wishart distribution
with α > N+1 degrees of freedom and covariance matrix, T0, denotedW(α,T0). The
condition α > N + 1 ensures that the second moments of the posterior distribution
are finite; see also Eq. (26) in Geiger and Heckerman (1994). Geiger and Heckerman
show that the marginal likelihood, P (D|G), from Eq. (9) can then – under fairly weak
conditions of parameter independence and parameter modularity – be computed in
closed form.
For convenience, it can first be defined:

TD,m := T0 + SD,m +
v ·m
v +m

(µ0 −Dm)(µ0 −Dm)T (14)

where

Dm :=
1

m

m∑

j=1

D.,j (15)

is the mean of the m realization vectors and SD,m is the empirical covariance matrix
multiplied by m− 1:

SD,m :=
m∑

j=1

(D.,j −Dm) · (D.,j −Dm)T (16)

T0, µ0, α, and v are hyperparameters of the normal-Wishart prior and have to be
specified in advance. T0 is an N -by-N matrix, µ0 is a N -by-1 column vector, and v
and α are 1-dimensional and usually referred to as total prior precision parameters.
Furthermore, the following definition can be introduced:

c(n, α) :=

{
2α·n/2 · πn·(n−1)/4 ·

n∏

i=1

Γ(
α+ 1− i

2
)

}−1
(17)

The marginal likelihood from Eq. (9) can then be computed as follows (Geiger and
Heckerman (1994)):

P (D|G) =
N∏

n=1

Ψ(Dπn
n ) =

N∏

n=1

P (D{Xn,πn}|GF ({Xn, πn}))
P (D{πn}|GF (πn))

(18)

where Xn is the n-th variable, πn is the parent set of Xn in the graph, G =
{π1, . . . , πn}, D{Xn,πn} and D{πn} are the data submatrices corresponding to the
realizations of the variables in the sets {Xn, πn} and {πn} only, and GF ({Xn, πn})
and GF (πn) correspond to so-called full graphs for the variable subsets {Xn, πn} and
{πn}, that is to subgraphs with the maximal number of edges, so that these full graphs
do not impose any independencies among the variables in the subsets {Xn, πn} and
{πn}, respectively.
The marginal likelihood of the data subset, D{S} ⊂ D, corresponding to the m real-
izations of the N†-dimensional subset, S ⊂ {X1, . . . , XN}, given a full graph, GF (S),
for the subset, S, can be computed as follows (Geiger and Heckerman, 1994):

P (DS |GF (S)) = (2π)−
N†·m

2 ·
{

v

v +m

}N†/2

· c(N†, α)

c(N†, α+m)
(19)

·det(TS
0 )

α
2 · det(TS

D,m)−
α+m

2

where det(TS
0 ) and det(TS

D,m) denote the determinants of the submatrices, TS
0 and

TS
D,m consisting only of those N† rows and columns that correspond to variables in
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Figure 2: State space graph and corresponding dynamic Bayesian network
of order τ = 1. The left panel shows a recurrent state space graph containing two
nodes. Node X1 has a recurrent feedback loop and acts as a regulator of node X2.
The right panel shows the same graph unfolded in time. In the right panel X1(t) and
X2(t) denote the random variables X1 and X2 at time point t.

the subset, S. TD,m was defined in Eq. (14), and c(N†, α) and c(N†, α +m) can be
computed with Eq. (17).
It can be seen from Eq. (18) that each Ψ(.) term in Eq. (9) can be computed in closed
form when the BGe model is used. These Ψ(.) terms are usually referred to as local
(BGe) scores of the nodes. Throughout this thesis the greek letter Ψ will be used for
terms Ψ(.) that can be computed in closed form. In particular, local (BGe) scores for
subsets of the data, D, will be required.

2.4 Dynamic Bayesian network models

Dynamic Bayesian networks (DBNs) can be applied if the random vector, ~X =
(X1, . . . , XN )T , has been measured over time. Different from static Bayesian net-
works all interactions between nodes are then subject to a time delay, τ , where τ is
called the order of the DBN model. An edge from Xj to Xn, symbolically Xj → Xn

and formally G(j, n) = 1, in a first order DBN, τ = 1, indicates that the realization of
Xn at time point t is conditionally dependent on the realization of Xj at time point
t−1. As for static Bayesian networks πn denotes the parent set of Xn (n = 1, . . . , N),
and there is a one-to-one mapping between the graph, G, and the system of parent
sets, {π1, . . . , πN}. Because of the time delay, τ , of interactions, DBNs are based
on a bipartite graph structure between two time steps t and t + 1 (t = 2, . . . ,m)
so that the acyclicity constraint, which is fundamental for the factorization in static
Bayesian networks (see Subsection 2.2), is guaranteed to be satisfied. The bipartite
graph structure of DBNs is illustrated graphically in Figure 2.
Given a N -by-m data set matrix, D, where Dn,t and Dπn,t are the realizations of Xn

and πn at time point t, DBNs of order τ = 1 are based on the following homogeneous
Markov chain expansion:

P (D|G,θ) =
N∏

n=1

m∏

t=2

P
(
Xn = Dn,t|πn = Dπn,t−1,θn

)
(20)

and the marginal likelihood is given by:

P (D|G) =

∫
P (D|G,θ)P (θ|G)dθ =

N∏

n=1

Ψ(Dπn
n ) (21)
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Ψ(Dπn
n ) =

∫ m∏

t=2

P
(
Xn = Dn,t|πn = Dπn,t−1,θn

)
P (θn|πn)dθn (22)

where Dπn
n := {(Dn,t,Dπn,t−1) : 2 ≤ t ≤ m} is the subset of data pertaining to node

Xn, and Xn’s parent set, πn, with a time lag τ = 1. In this thesis only first order
DBNs with τ = 1 will be considered, and as for static Bayesian networks Ψ(Dπn

n )
will be called the local (DBN) score of Xn. Although various different probabilistic
models have been proposed for modeling the local DBN scores, the Bayesian network
models that will be presented in this thesis have been formulated using the dynamic
variants of the two standard models for Bayesian networks, BDe and BGe.17

2.5 The Gaussian BGe scoring metric for dynamic Bayesian
networks

Assume that a time series, (X1(t), . . . XN (t))Tt=1,...,m, has been collected for a dynamic
Bayesian network (DBN) with N nodes, X1, . . . , XN , and a Markovian dependence
structure of order τ = 1. For time series data the columns of the data matrix in
Eq. (13) do not represent independent (steady-state) observations: the t-th column
of D is the realization of the nodes at time point t (t = 1, . . . ,m), and the edges
indicate interactions with a time delay, τ . For τ = 1 an edge Xi → Xj indicates that
the realization, Dj,t, of Xj at time point t depends on the realization, Di,t−1, of Xi

at the previous time point t − 1. This can be taken into account in the context of
the Gaussian BGe model by building new data matrices – one for each node – from
the original data matrix of size N -by-m given in Eq. (13). In principle, there are
two alternative variants of the dynamic BGe model that can be used. It depends on
whether so called ”self-feedback loops” (autoregressive edges), that is edges having
the same node as starting and end point, e.g. the edge X1 → X1 in Figure 2, are
allowed in the graph or not.

Dynamic Bayesian networks without self-feedback-loops:
When ”self-feedback loops” are not allowed, the following N matrices D(n) (n =
1, . . . , N) of size N -by-(m−1) can be built from the original (time series) data matrix

17In addition to the two standard Bayesian network models, namely BGe and BDe, various other
modeling frameworks have been proposed and applied for the local DBN scores, Ψ(Dπn

n ); e.g.
Bayesian regression models (Rogers and Girolami (2005) and Lèbre et al. (2010)). Different from
static Bayesian networks, a broader class of probability models can be used for dynamic Bayesian
networks (DBNs), since the score equivalence aspect, discussed in Subsection 2.2, is not required.
The modeling framework for the local scores of static Bayesian networks is restricted to such models
that satisfy a global equivalence condition: P (D|G1) = P (D|G2) for equivalent DAGs G1 and G2.
Due to the time lag τ = 1 of interactions in DBNs, different graphs always imply different sets
of conditional (in-)dependency assumptions and there are no equivalent graphs that have to give
identical scores (marginal likelihood values). Without a global equivalence condition the local DBN
scores can, in principle, be modeled independently for each node Xn (n = 1, . . . , N).
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given in Eq. (13):

D(n) =




D1,1 D1,2 . . . D1,m−1

D2,1 D2,2 . . . D2,m−1

...
...

...
...

Dn−1,1 Dn−1,2 . . . Dn−1,m−1

Dn,2 Dn,3 . . . Dn,m

Dn+1,1 Dn+1,2 . . . Dn+1,m−1

...
...

...
...

DN,1 DN,2 . . . DN,m−1




(23)

Each matrix D(n) is obtained by deleting the last column of D and substituting the
n-th row (Dn,1, . . . ,Dn,m−1) for (Dn,2, . . . ,Dn,m) afterwards. The novel data matrices
D(n) consist of m− 1 observations for the N nodes, and the hyperparameters T0 and
µ0 have the same dimensions as in the static BGe model. The closed-form solution
of the marginal likelihood for DBNs is very similar to the closed form solution for
static Bayesian networks, presented in Subsection 2.3. The matrix TD(n) has to be
computed for each data set, D(n), and Eq. (18) is substituted for:

P (D|G) =
N∏

n=1

Ψ(Dπn
n ) (24)

where

Ψ(Dπn
n ) =

P (D(n){Xn,πn}|GF ({Xn, πn}))
P (D(n){πn}|GF (πn))

(25)

Eq. (19) has to be replaced by:

P (D(n)S |GF (S)) = (2π)−
N†·(m−1)

2 ·
{

v

v + (m− 1)

}N†/2

· c(N†, α)

c(N†, α+ (m− 1))

·det(TS
0 )

α
2 · det(TS

D(n),(m−1))
−α+(m−1)

2

(26)

where GF (S) is a full graph for the subset of nodes, S, of cardinality N†, and TS
0 and

TS
D(n),(m−1) are sub-matrices, as explained in Section 2.3.

Dynamic Bayesian networks with self-feedback-loops:
When ”self-feedback loops” are allowed, the following N matrices D(n) (n = 1, . . . , N)
of size (N + 1)-by-(m − 1) can be built from the original (time series) data matrix
given in Eq. (13):

D(n) =




D1,1 D1,2 . . . D1,m−1

D2,1 D2,2 . . . D2,m−1

...
...

...
...

DN,1 DN,2 . . . DN,m−1

Dn,2 Dn,3 . . . Dn,m




(27)

n = 1, . . . , N . Each matrix D(n) is obtained by deleting the last column of D and
adding a novel row (Dn,2, . . . ,Dn,m) of length m − 1, i.e. the n-th row of D shifted
leftwards by 1, as the (N + 1)-th row of D(n). The additional (N + 1)-th row can be
identified with a new node (variable), XN+1. This new variable is the n-th variable
with a time shift of size τ = 1 and the time delay, τ , can be taken into account by
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substituting Xn for XN when computing the local score, Ψ(Dπn
n ), for node Xn; see

Eq. (29) below. The data matrices, D(n), consist of observations for N + 1 variables
so that the hyperparameters T0 and µ0 have to be an (N +1)-by-(N +1) matrix and
an (N+1)-by-1 column vector, respectively, here. The matrix TD(n) can be computed
for each data set, D(n), and Eq. (18) is substituted for:

P (D|G) =
N∏

n=1

Ψ(Dπn
n ) (28)

where

Ψ(Dπn
n ) =

P (D(n){XN+1,πn}|GF ({XN+1, πn}))
P (D(n){πn}|GF (πn))

(29)

Eq. (19) has to be replaced by:

P (D(n)S |GF (S)) = (2π)−
N†·(m−1)

2 ·
{

v

v + (m− 1)

}N†/2

· c(N†, α)

c(N†, α+ (m− 1))

·det(TS
0 )

α
2 · det(TS

D(n),(m−1))
−α+(m−1)

2

(30)

where GF (S) is a full graph for the subset of nodes, S, of cardinality N†, and TS
0 and

TS
D(n),(m−1) are sub-matrices, as explained in Section 2.3.

2.6 Markov Chain Monte Carlo (MCMC) sampling of graphs

Markov Chain Monte Carlo (MCMC) methods can be used for sampling graphs, G,
from the posterior distribution, P (G|D), given in Eq. (1). In this subsection two
different Metropolis-Hastings sampling schemes are presented, namely: the structure
MCMC sampler of Madigan and York (1995) and the order MCMC sampler of Fried-
man and Koller (2003). Both MCMC sampling schemes can be used to generate a
graph sample, G1, ...,GT , from the posterior distribution, P (G|D). Subsequently, the
graph sample can be employed to estimate marginal posterior probabilities of (edge-
)features; see Eq. (4) in Subsection 2.1. The structure MCMC algorithm can be used
for inference in static and dynamic Bayesian networks. But it is known that structure
MCMC tends to converge very slow for static Bayesian networks, especially, when the
posterior landscape is peaked (Friedman and Koller, 2003).18 Therefore, the order
MCMC algorithm was developed and proposed by Friedman and Koller (2003), as an
alternative to the structure MCMC algorithm for static Bayesian networks.

The structure MCMC sampling scheme:
The structure MCMC sampling scheme of Madigan and York (1995) is a Metropolis-
Hastings sampler that generates a sample of graphs, G1, ...,GT , as follows: Given a
graph, Gi, a new candidate graph, Gi+1, is proposed with probability:

Q(Gi+1|Gi) =
{ 1
|N (Gi)|

,Gi+1 ∈ N (Gi)
0 ,Gi+1 /∈ N (Gi)

}
(31)

18Structure MCMC is based on single edge operations that yield relatively small steps in the
configuration space of graphs. Because of the acyclicity constraint, that has to be kept in static
Bayesian network, MCMC simulations tend to get trapped in local optima, from which they cannot
escape with small steps.
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where N (Gi) denotes the neighborhood of Gi, that is the set of all valid graphs that
can be reached from Gi by the deletion, addition or reversal of one single edge of
the current graph, Gi, and |N (Gi)| is the cardinality of this set, N (Gi) . For dy-
namic Bayesian networks all directed graphs are valid, while the graphs Gi+1 have
to be acyclic when static Bayesian networks are employed. Thus, in the context of
static Bayesian networks it has to be checked, which edges can be added to Gi and
which edges can be reversed in Gi without violating the acyclicity-constraint; effi-
cient algorithms for these checks can be found in Giudici and Castelo (2003). In the
Metropolis-Hastings algorithm the proposed graph Gi+1 is accepted with the accep-
tance probability A(Gi+1|Gi) = min {1, R(Gi+1|Gi)} where

R(Gi+1|Gi) =
P (Gi+1|D)
P (Gi|D)

· Q(Gi|Gi+1)

Q(Gi+1|Gi)
=

P (D|Gi+1)P (Gi+1)

P (D|Gi)P (Gi)
· |N (Gi)|
|N (Gi+1)|

(32)

while the Markov chain is left unchanged, symbolically Gi+1 := Gi, if the new graph
is not accepted. {Gi}i=1,2,3,... is then a Markov chain in the configuration space of

graphs, whose Markov transition kernel, K(G̃|G), for a move from G to G̃ is given by
the product of the proposal probability and the acceptance probability; for G̃ 6= G:

K(G̃|G) = Q(G̃|G) ·A(G̃|G) = 1

|N (G)| ·A(G̃|G) (33)

and

K(G|G) = 1−
∑

G̃∈N (G)

Q(G̃|G) ·A(G̃|G) = 1−
∑

G̃∈N (G)

1

|N (G)| ·A(G̃|G) (34)

Per construction it is guaranteed that the Markov transition kernel satisfies the equa-
tion of detailed balance:

P (G̃|D)
P (G|D) =

K(G̃|G)
K(G|G̃)

(35)

Under ergodicity, that is a sufficient condition for the Markov chain, {Gi}i=1,2,3,..., to
converge, the posterior distribution, P (G|D), is the stationary distribution:

P (G̃|D) =
∑

G

K(G̃|G)P (G|D) (36)

A reasonable approach adopted in most applications is to impose a limit on the car-
dinality of the parent sets. This limit is referred to as the fan-in (restriction). The
practical advantage of this restriction on the maximum number of edges converging
on a node is a reduction of the computational complexity, which improves the con-
vergence (e.g. see Chapter 8 in Husmeier et al. (2005)). Fan-in restrictions can be
justified in the context of biological expression data, as many experimental results
have shown that the expression of a gene is usually controlled by a comparatively
small number of active regulator genes, while on the other hand regulator-genes seem
to be nearly unrestricted in the number of genes they regulate. The imputation of a
fan-in restriction leads to a further reduction of a graph’s neighborhood: graphs that
contain nodes with too many parent nodes, that is more than the fan-in value, have
to be removed from the respective neighborhoods.

The order MCMC sampling scheme:
The order MCMC approach of Friedman and Koller (2003) is a Markov Chain Monte
Carlo (MCMC) sampling scheme that generates a sample of node orders, ≺1, ...,≺T ,
from the posterior distribution, P (≺ |D), over node orders, ≺, in the context of static
Bayesian networks. The state space of the Markov chain is the set of all N ! possible
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orders of the variables (nodes).
Each node order, ≺= (Xσ(1), ..., Xσ(N)), can be seen as implied through a permuta-
tion, σ, of the indices {1, ..., N}, and the meaning of an order, ≺= (Xσ(1), ..., Xσ(N)),
is that it represents the set of DAGs that are consistent with it in the following sense:
A DAG, G, is consistent with the node order, ≺, if the parent sets, πσ(n), are restricted
to the nodes Xσ(1), . . . , Xσ(n−1) that are standing leftwards of Xσ(n) in the order ≺
(n = 1, . . . , N). That is, if Xσ(j) precedes Xσ(i) in ≺, then Xσ(i) is not allowed to be
a parent node of Xσ(j). A fan-in restriction can be realized by additionally restricting
the cardinalities of the parent sets, πσ(n) (n = 1, . . . , N).
For the order MCMC sampling scheme, Friedman and Koller (2003) assume a graph
prior distribution, P (G), that can be factorized such that there is one local factor for
each node Xn (n = 1, . . . , N):

P (G) =
N∏

n=1

P (πn) (37)

where G = {π1, . . . , πN}, and they assume a uniform prior over node orders, that
is P (≺) = 1

N ! . Friedman and Koller (2003) introduce a simple flip-operator that
exchanges one node for another in the current node order to generate a Metropolis
Hastings sampler in the space of node orders. This leads to the following proposal
probabilities:

Q(≺i+1 | ≺i) =

{ 2
N ·(N−1) ,≺i+1∈ Π(≺i)

0 ,≺i+1 /∈ Π(≺i)

}
(38)

where Π(≺i) is the set of all node orders that can be reached from ≺i by exchanging
two nodes for each other in ≺i, while leaving the positions of all other nodes in
≺i unchanged. To guarantee convergence of the Markov chain, {≺i}i=1,2,3,..., to
the posterior probability, P (≺ |D), the acceptance probabilities in the Metropolis
Hastings algorithm are set to A(≺i+1 | ≺i) =min{1, R(≺i+1 | ≺i)}, where:

R(≺i+1 | ≺i) =
P (≺i+1 |D)
P (≺i |D)

× Q(≺i | ≺i+1)

Q(≺i+1 | ≺i)
=

P (D| ≺i+1)

P (D| ≺i)
× 1 (39)

and the likelihood, P (D| ≺), of a node order, ≺= (Xσ(1), ..., Xσ(N)), is given by:

P (D| ≺) =
N∏

n=1

∑

π∈U≺
σ(n)

Ψ(Dπ
n) · P (π) (40)

where U≺σ(n) is the set of all possible parent sets for node Xσ(n) that contain exclu-

sively nodes standing leftwards to Xn in the node order ≺= (Xσ(1), ..., Xσ(N)), and
the local scores Ψ(Dπn

n ) were defined in Eq. (12). As the orders ≺i and ≺i+1 differ
by the position of two nodes only, the likelihood ratio in Eq. (39) can be computed
efficiently, as explained in Friedman and Koller (2003).
For practical applications of order MCMC it is useful to pre-compute and store the
values of the products: Ψ⋆(Dπn

n ) := Ψ(Dπn
n ) · P (πn) in Eq. (40) for all nodes Xn

and their potential parent sets πn (n = 1, . . . , N) before starting the order MCMC
simulation. The two likelihoods required for computing Eq. (39) can then be com-
puted from these cached lists, and the local scores in Eq. (40) do not have to be
re-computed every time when needed. Friedman and Koller (2003) also introduce a
pruning approach which can be used to further reduce the computational complexity
of the summations in Eq. (40) for large networks.
Subsequently, in a second step, having sampled node orders, ≺1, ...,≺T , from the
posterior distribution, P (≺ |D), a sample of DAGs can be obtained by a very simple
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sampling approach (Friedman and Koller, 2003): Given the order, ≺, for each node,
Xn, its parent set, πn, can be sampled independently from the following distribution:

P (πn| ≺,D) =
Ψ(Dπn

n ) · P (πn) · I(Xn, πn,≺)∑
π Ψ(Dπ

n) · P (π) · I(Xn, π,≺)
(41)

where Ψ(Dπ
n) was defined in Eq. (12), the sum in the denominator is over all possible

parent sets, π, ofXn, and I(Xn, π,≺) is an indicator function, which is 1 if all nodes in
π precede nodeXn in the order ≺, and 0 otherwise. Sampling a parent set, πn, for each
node, Xn, independently from Eq. (41) yields a complete DAG, G = {π1, . . . , πN},
see Friedman and Koller (2003) for further details.
Although Friedman and Koller (2003) show that order MCMC is superior to structure
MCMC with regard to convergence and mixing of the resulting Markov chain, the
method is not without shortcomings. When the likelihood term has a low weight, e.g.
if there are few observations only, then the graph prior distribution has a noticeable
effect on the posterior probabilities. That is, the assumption that each node order,
≺, has the same prior probability, P (≺) = 1

N ! , leads to a change of the form of the
originally determined prior over DAGs, P (G). DAGs that are consistent with more
orders are more likely than DAGs consistent with fewer orders. For instance, the
(empty) DAG without any edges can be sampled from all N ! node orders, while a
DAG of the type Xσ(1) → Xσ(2) → ....→ Xσ(N) can be sampled from one single node
order only, namely ≺= (Xσ(1), ..., Xσ(N)). To recapitulate this: While the prior on the
graphs given the node order, P (G), can be specified, the explicit computation of the
prior over graphs requires a marginalization over orders: P (G) =∑≺ P (G| ≺) ·P (≺),
where

P (G| ≺) =
N∏

n=1

P (πn| ≺) (42)

P (πn| ≺) =
P (πn) · I(Xn, πn,≺)∑
π P (π) · I(Xn, π,≺)

(43)

and G = {π1, . . . , πN}. The distortion inherent in the marginalization means that it
is effectively impossible to exactly specify the prior over graphs. This is not necessar-
ily a problem for large data sets, where the dominant contribution to the posterior
distribution stems from the marginal likelihood. But it can be a problem in contem-
porary systems biology, though, where the number of experimental conditions relative
to the complexity of the investigated system, and hence the weight of the marginal
likelihood, is relatively low.

The burn-in phase:
For both MCMC sampling schemes, structure MCMC and order MCMC, it takes
some time until the Markov chain converges to its stationary distribution. Therefore,
the Markov chains have to be simulated for ”long enough” to ensure that they have
reached their stationary distributions. The early phase, before convergence has been
reached, of an MCMC simulation is called the burn-in phase. After the burn-in phase,
samples from the posterior distributions can be taken. However, when every graph
(order) after the burn-in phase is sampled, i.e. one graph (order) in each MCMC
iteration, the sample of graphs (orders) tends to be auto-correlated. Therefore, the
graph (order) sample is usually thinned out by keeping a distance between sampling.
Usually, it is thinned out by taking samples at equally spaced iterations; e.g. by
sampling every 10-th, 100-th, or 1000-th iteration after the burn-in phase.
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2.7 Convergence diagnostics and network reconstruction ac-
curacy

When Bayesian networks are inferred with Markov Chain Monte Carlo (MCMC)
simulations, e.g. with structure MCMC or order MCMC, described in Subsection 2.6,
the output is a sample of directed graphs, G1, ...,GT , and the second step is to estimate
marginal posterior probabilities, P (F |D), of (edge-)features, F , from this sample; see
Eq. (4) in Subsection 2.1. For both static and dynamic Bayesian networks the focus
is usually on directed edge features. There is a directed edge feature Fn→j from Xn to
Xj in a graph G, symbolically Fn→j(G) = 1, if the graph, G, possesses the directed
edge, Xn → Xj , and Fn→j(G) = 0 otherwise. In the context of dynamic Bayesian
networks (DBNs) Eq. (4) can be applied directly to the graph sample, G1, ...,GT , and
the relative frequency

en,j := P̂ (Fn→j |D) =
1

T

T∑

t=1

Fn→j(Gt) (44)

is an estimator of the marginal posterior probability of the directed edge feature,
Fn→j (n, j = {1, . . . , N}, and n 6= j if self-feedback-loops are invalid).
In the context of static Bayesian networks it has to be taken into account that there
are equivalence classes of graphs. Equivalent graphs encode for the same set of con-
ditional (in-)dependencies, and thus have the same marginal likelihood, P (D|G). All
graphs within an equivalence class share the same skeleton but edge directions may
differ; those edges that appear with both directions within an equivalence class can-
not be interpreted causally. As described in Subsection 2.2, each equivalence class
can be represented by a completed partially directed acyclic graph (CPDAG), which
comprises both directed and undirected edges. A CPDAG possesses the directed
edge Xn → Xj if all graphs in the corresponding equivalence class share the edge
Xn → Xj , and the CPDAG possesses the undirected edge Xn − Xj if all graphs in
the equivalence class have an edge connection between Xn and Xj , but do not agree
with regard to the orientation.19 With regard to directed edge features, undirected
edges Xn−Xj can be either withdrawn (i.e. ignored) or the undirected edges can be
substituted for two directed edges with opposite directions, symbolically Xn ↔ Xj . If
the latter interpretation is chosen, the marginal posterior probability of the directed
edge feature Fn→j can be estimated as follows:

en,j := P̂ (Fn→j |D) =
1

T

T∑

t=1

Fn→j(G⋆t ) (45)

where G⋆t is the CPDAG of the t-th graph, Gt, from the sample, G1, . . . ,GT , and Fn→j

is a binary indicator variable, which is one if the CPDAG G⋆t contains either the di-
rected edge Xn → Xj or the undirected edge Xn−Xj , where the latter is interpreted
as superposition of two oppositely oriented edges, symbolically Xn ↔ Xj .

Let en,j = P̂ (Fn→j |D) denote the marginal edge posterior probability of the individual
edge Xn → Xj (n, j ∈ {1, . . . , N} and n 6= j for static Bayesian networks and dynamic
Bayesian networks where self-feedback-loops are invalid). Standard convergence di-
agnostics compare the inference results of independent and differently seeded MCMC
simulations on the same data set. Assuming that H independent MCMC simulations
have been performed, the marginal edge posterior probabilities can be computed in-
dependently from each MCMC simulation output h = 1, . . . , H. Let {en,j,h} denote

19That is, there is at least one graph in the equivalence class in which the edge Xn → Xj can
be found, and there is at least one other graph in the same equivalence class that possesses the
oppositely oriented edge Xn ← Xj .
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the set of marginal edge posterior probabilities computed from the graph sample, gen-
erated by the h-th MCMC simulation (h = 1, . . . , H). As a first check of convergence,
the marginal edge posterior probability sets {en,j,h1

} and {en,j,h2
} computed from

two independent MCMC simulations h1 and h2 (h1, h2 ∈ {1, . . . , H}, h1 6= h2) can
be plotted against each other in a scatter plot. Ideally, all MCMC simulations should
have yield (almost) identical marginal edge posterior probabilities so that all points
(en,j,h1

, en,j,h2
) in the scatter plot are located around the diagonal; i.e. independent

MCMC simulations should yield similar (strongly correlated) results. Although this
simple diagnostic is not a sufficient criterion for convergence, since all H simulations
can have become trapped in the same local optimum, the assumption of convergence
can surely be withdrawn if there are points (en,j,h1

, en,j,h2
) in the scatter plot that

strongly deviate from the diagonal.
Another more commonly applied standard convergence diagnostic for MCMC sam-
pling schemes is based on potential scale reduction factors (PSRFs), which are usually
monitored along the number of MCMC iterations. Again, assuming that H indepen-
dent MCMC simulations, with 2s MCMC iterations each, have been performed on
the same data set. The first s iterations can be discarded as burn-in phase, and in
the sampling phase, Is graph samples can be taken from the remaining s MCMC
iterations.20 Again, let en,j,h denote the marginal edge posterior probability of the
edge Xn → Xj computed from the h-th MCMC simulation. For each individual edge
Xn → Xj the ”between-chain” variance, B(n, j), and the ”within-chain” variance,
W(n, j), of its marginal edge posterior probability are defined as follows (Brooks and
Gelman, 1998):

B(n, j) = 1

H − 1

H∑

h=1

(en,j,h − en,j,.)
2 (46)

where en,j,. is the mean of en,j,1, . . . , en,j,H , and:

W(n, j) =
1

H(Is − 1)

H∑

h=1

Is∑

t=1

(Ght (n, j)− en,j,h)
2 (47)

where Ght is the t-th graph in the sample Gh1 , . . . ,GhIs obtained from the h-th MCMC

simulation, and Ght (n, j) = 1 if Ght contains the edge Xn → Xj while Ght (n, j) = 0
otherwise. Following Brooks and Gelman (1998) the PSRF (n, j) of the individual
edge Xn → Xj is then given by:

PSRF (n, j) =
(1− 1

Is
)W(n, j) + (1 + 1

H )B(n, j)
W(n, j)

(48)

where PSRF values near 1 indicate that each of the H MCMC simulations is close to
the stationary distribution. As PSRF-based convergence diagnostic, the fraction of
edges, C(ξ), whose PSRF is lower than a pre-defined threshold value, ξ, can be used.
For dynamic Bayesian networks, for which self-feedback-loops are valid, there are N2

edges and C(ξ) is given by:

C(ξ) = 1

N2

N∑

n=1

N∑

j=1

ZPSRF<ξ(PSRF (n, j)) (49)

where ZPSRF<ξ(PSRF (n, j)) = 1 if PSRF (n, j) < ξ, and ZPSRF<ξ(PSRF (n, j)) =
0 otherwise. For static Bayesian networks and dynamic Bayesian networks without

20The number of samples Is that can be taken in the sampling-phase is limited by the sampling
phase length s and the distance (no. of iterations) between sampling.



2.7 Convergence diagnostics and network reconstruction accuracy 27

self-feedback loops there are only N × (N − 1) directed edges and C(ξ) is given by:

C(ξ) = 1

N(N − 1)

∑

n,j:n6=j

ZPSRF<ξ(PSRF (n, j)) (50)

where ZPSRF<ξ(PSRF (n, j)) = 1 if PSRF (n, j) < ξ, and ZPSRF<ξ(PSRF (n, j)) =
0 otherwise. The PSRF-based criterion is advantageous to scatter plot diagnostics,
since it can straightforwardly be monitored along the number of MCMC iterations,
2s.
Finally, when the true graph or at least a gold-standard graph for the domain is
known, the concept of ROC curves and AUROC values can be used to evaluate the
learning performance of Bayesian network inference. Let e⋆i,j = 1 indicate that there
is a directed edge feature Xi → Xj in the true graph, while e⋆i,j = 0 indicates that this
edge feature is not given in the true graph. The Bayesian network approach outputs
a posterior probability estimate, ei,j = P̂ (Fi→j |D) ∈ [0, 1], for each (binary) directed
edge feature, e⋆i,j ∈ {0, 1}.
Let ǫ(ζ) =

{
Xi → Xj |ei,j = P̂ (Fi→j |D) > ζ

}
denote the set of directed edges whose

posterior probability estimates, ei,j , exceed a given threshold, ζ ∈ [0, 1]. Since the
true network topology is known, for each ǫ(ζ) the number of true positive TP [ζ], false
positive FP [ζ], true negative TN [ζ], and false negative FN [ζ] edges can be counted.
And from these values the true positive rate TPR[ζ] = TP [ζ]/(TP [ζ] + FN [ζ]) (also
called recall or sensitivity), the false positive rate FPR[ζ] = FP [ζ]/(TN [ζ] + FP [ζ])
(also called inverse specificity), and the precision PRE[ζ] = TP [ζ]/(TP [ζ] + FP [ζ])
can be computed.
Plotting the sensitivities TPR[ζ] (vertical axis) against the corresponding inverse
specificities FPR[ζ] (horizontal axis) and connecting neighboring points by linear in-
terpolation gives the receiver operator characteristic (ROC) curve. The area under
the ROC curve (AUC or AUC-ROC) is a quantitative measure that can be obtained
by integrating the ROC curve on the interval [0, 1]; larger AUC-ROC values indicate
a better network reconstruction accuracy, whereby 1 indicates perfect prediction,
whereas 0.5 corresponds to a random expectation. Although AUC-ROC diagnostics
are commonly used, a more informative picture of the network reconstruction ac-
curacy can be obtained by integrating the Precision-Recall (PR) curve. PR curves
can be obtained by plotting the precision values, PRE[ζ], (vertical axis) against the
corresponding recall values, TPR[ζ], (horizontal axis). Different from ROC curves,
neighboring points in the PR curve cannot be connected by straight lines and a non-
linear interpolation is required.21 The interpolation scheme described in Davis and
Goadrich (2006) can be employed. As the precision is not defined for TP=0 and FP=0
(PRE=0/0), the Precision-Recall curve is usually integrated on the interval [(1/E), 1]
only, where E is the number of edges of the true graph; i.e. one has to restrict on
the area where at least one of the true edges has been learned. The area under the
precision-recall curve can be referred to as AUC or AUC-PR value. A more detailed
description and a theoretical comparison of both criteria, ROC curves and PR curves,
can be found in Davis and Goadrich (2006).

21The linear interpolation has to be done in terms of the true positives (TPs) and false positives
(FPs) which corresponds to a nonlinear interpolation in the precision recall representation.
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3.2 Research Goals

As pointed out in Section 1, Bayesian network models are a promising trade-off be-
tween over-simplicity and loss of computational tractability when reverse-engineering
gene regulatory networks and protein pathways in contemporary systems biology re-
search (Cantone et al., 2009). However, in comparative evaluation studies, e.g. see
Werhli et al. (2006) or Grzegorczyk (2006), it was found that Bayesian networks
do not always yield significantly better network reconstruction accuracies than com-
putationally cheaper methods, such as relevance networks and Gaussian graphical
models. This suggests that the higher computational costs of Bayesian network infer-
ence can be justified only under certain circumstances. For example in Werhli et al.
(2006) it was found that Bayesian networks perform significantly better than relevance
networks and Gaussian graphical models for interventional data, i.e. data that have
been collected after active experimental interventions.22 In Grzegorczyk (2006) it was
found that the full potential of Bayesian networks can also be exploited if the under-
lying network possesses certain topological features.23 On the other hand, apart from
the substantially higher computational costs, Bayesian networks were never found to
be inferior to those simpler network reconstruction methods. The increased compu-
tational costs of Bayesian network inference stem from the required Markov Chain
Monte Carlo (MCMC) simulations, and thus an important research goal is to de-
velop novel faster converging MCMC sampling schemes for Bayesian networks. That
is, it is the availability of fast MCMC sampling schemes that makes Bayesian net-
works competitive to computationally cheaper methods for large networks even if
the full modeling potential is not required. The first important research contribu-
tion to static Bayesian network methodology was the development of a novel MCMC
sampling scheme (Grzegorczyk and Husmeier, 2008), which will be presented in Sub-
section 3.3.1.
For dynamic time series data Bayesian networks are in competition with mechanis-
tic models based on coupled differential equations. From a theoretical and biolog-
ical point of view coupled differential equation models yield a detailed description
of the cellular regulatory processes, and therefore, mechanistic models seem to be
more suitable than dynamic Bayesian network models (Vyshemirsky and Girolami,
2008). However, from a practical perspective mechanistic differential equation models
are associated with several serious shortcomings, as already described in Section 1.
Most notably, marginal likelihoods cannot be computed in closed form and maximum
likelihood estimators have to be employed for evaluating the models. Hence, model
selection is impeded by the fact that more complex pathway models always provide
a better explanation of the data than less complex ones, rendering these approaches
intrinsically susceptible to over-fitting. Standard complexity regularization criteria,
such as the Bayesian information criterion BIC (Schwarz, 1978) or Akaike’s informa-
tion criterion AIC (Akaike, 1983), which penalize a model (network) according to its

22For example in the form of gene knockouts and gene over-expressions. How to deal with in-
terventional data in Bayesian networks has for example been described in Pournara and Wernisch
(2004).

23As explained in Section 2.2, in static Bayesian networks not every edge in the underlying di-
rected acyclic graph (DAG) can be interpreted causally. Completed partially directed acyclic graphs
(CPDAGs) have to be extracted from the directed acyclic graphs (DAGs), and CPDAGs consist of
both: directed and undirected edges. However, every edge that participates in a v-structure and
every edge whose reversal would yield a new v-structure can be interpreted causally. Therefore,
the number of directed edges that can be extracted with static Bayesian networks strongly depends
on the number of v-structures in the true underlying network topology. Loosely speaking, if the
true underlying network possesses many v-structures, then static Bayesian networks tend to infer
graphs with many directed edges (causalities) what makes them superior to other reverse engineer-
ing methods that are based on undirected edges. See Grzegorczyk (2006) and Section 2.2 for more
details.
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complexity (numbers of parameters24), do not provide a sufficient remedy, since these
criteria provide reliable results only for unimodal posterior distributions that (at least
approximately) follow a multivariate Gaussian distribution. But mechanistic models
for regulatory networks are usually defined in terms of laws of chemical kinetics so
that the imposed regulatory network interactions are highly nonlinear. This yields
highly non-Gaussian marginal likelihoods and posterior distributions for which the
regularization criteria systematically fail. Recently, promising novel approaches based
on Annealed Importance Sampling (Neal, 2001) and Annealing-Melting Integration
(Gelman et al., 2004) for computing marginal likelihoods for mechanistic models have
been proposed (Vyshemirsky and Girolami, 2008). However, even when the required
computations are carried out on modern parallel computer clusters, as implemented
by Vyshemirsky and Girolami (2008), these approaches are currently restricted to
very small mechanistic network models with very few network nodes (Vyshemirsky
and Girolami, 2008).
Another very important research goal is therefore to develop more flexible dynamic
Bayesian network models, which allow for a more detailed description of the true
regulatory relationships without losing the marginal likelihood, which intrinsically
avoids data over-fitting (Bishop, 2006), as a closed-form scoring function. In Sub-
section 3.3.2 the Bayesian Gaussian Mixture (BGM) Bayesian network model (Grze-
gorczyk et al., 2008) will be described. The BGM model can be applied to both
static (steady-state) and dynamic (time series) data and combines Gaussian Bayesian
network methodology with a Bayesian mixture model. Latent variables are used in
the BGM model to assign the data points to different mixture components (classes).
All components share the same network topology to allow for some information shar-
ing among classes, but each component (data subset) is modeled separately with the
Gaussian BGe score. This approach yields a novel probabilistic model that is capable
of modeling both non-homogeneous dynamic and non-linear static gene-regulatory
processes. However, it is this flexibility that renders the BGM model suboptimal for
time series data. By substituting the free allocation of data points for a multiple
changepoint process, the intuitive prior notion, that adjacent time points are likely to
be governed by similar distributions, can be taken into account. Employing a multiple
changepoint process rather than a free allocation mixture model for data segmenta-
tion yields the dynamic variant BGMD (Grzegorczyk et al. (2010) and Grzegorczyk
et al. (2011)) of the BGM model, which will be described in Subsection 3.3.3. Both
models BGM and its dynamic variant BGMD employ network-wide changepoints that
are common to all nodes of the network. That is, in these two models all nodes are
affected by the changepoints in identical ways. Introducing the concept of node-
specific changepoints enables a greater model flexibility, since individual nodes can
then be affected by changing processes in different ways. This generalization of the
BGMD model yields the changepoint BGe (cpBGe) model (Grzegorczyk and Hus-
meier, 2009c), which will be discussed in Subsection 3.3.4. The earlier work on the
cpBGe model (Grzegorczyk and Husmeier, 2009c) pursued inference with Reversible
Jump Markov Chain Monte Carlo (RJMCMC) and combined the classical struc-
ture MCMC sampling scheme from Subsection 2.6 with additional birth, death, and
re-allocation moves for the node-specific changepoints (Green, 1995). The dynamic
programming scheme of Fearnhead (2006) allows for sampling changepoints from the
proper conditional distribution directly so that no RJMCMC sampling scheme with
potential mixing and convergence problems is required. As shown in Subsection 3.3.5,
incorporating Fearnhead’s dynamic programming scheme within a Gibbs sampling
scheme for the cpBGe model (Grzegorczyk and Husmeier, 2011b), substantially im-
proves convergence and mixing. Finally, in Subsection 3.3.6 the novel regularized
cpBGe model will be presented (Grzegorczyk and Husmeier, 2011a). The regularized

24The number of parameters of a network model depends on the number of edges.
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Model BGM BGMD cpBGe improved regularized
cpBGe cpBGe

Subsection 3.3.2 3.3.3 3.3.4 3.3.5 3.3.6

Sampling RJMCMC RJMCMC RJMCMC Gibbs Gibbs and
scheme RJMCMC

Allocation Free Change- Change- Change- Change-
format allocation points points points points

Required static or dynamic dynamic dynamic dynamic
data dynamic

Segment- network- network- node- node- node-cluster
ation(s) wide wide specific specific specific

Table 1: Overview to the non-homogeneous dynamic Bayesian network
models that have been contributed to systems biology research. These
novel Bayesian network models will be described in more detail in Subsection 3.3 and
are non-homogeneous with respect to the network parameter distributions, while the
network topology is the same for all segments. Only the BGM model can be used
for static data, since it employs a free allocation of data points. The other models
employ multiple changepoint processes and are therefore restricted to dynamic time
series data. The changepoints in the two models BGM and BGMD are network-wide,
i.e. common to the whole network. The (improved) cpBGe model yields a higher
modeling flexibility by introducing node-specific changepoints that vary from node
to node. Individual nodes can then be affected by changing processes in different
ways. While the cpBGe model was originally proposed with a RJMCMC sampling
scheme for inference, the improved cpBGe model employs a Gibbs sampling scheme
and incorporates dynamic programming for changepoint sampling. The regularized
cpBGe model infers node clusters that share the same changepoints. That is, it regu-
larizes between BGMD and cpBGe and subsumes both models as limiting cases. The
corresponding MCMC sampling scheme for the regularized cpBGe model uses both
(i) RJMCMC steps for inferring clusters of nodes and (ii) Gibbs sampling steps for
inferring the network topology and the changepoint sets for the clusters.

cpBGe model extends the cpBGe model by introducing a Bayesian clustering and
information sharing scheme among the node-specific changepoints, which provides a
mechanism for automatic model complexity tuning. The regularized cpBGe model
infers clusters of network nodes, and nodes in the same cluster share the same change-
points. That is, the regularized cpBGe model regularizes between the BGMD and the
cpBGe model and subsumes these two models as limiting cases: The regularized cp-
BGe model corresponds to the BGMD model if there is one single cluster to which
all network nodes are assigned so that the changepoints of this cluster are shared
by the whole network; and the regularized cpBGe model corresponds to the cpBGe
model if there is a separate cluster for every single node so that changepoints are
effectively node-specific. A brief overview to these novel non-homogeneous dynamic
Bayesian network models, which will be described in more detail in Subsection 3.3,
can be found in Table 1.
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3.3 Brief discussion of publications

3.3.1 Improving the structure MCMC sampler for static Bayesian net-
works

• ORIGINAL PUBLICATION: Grzegorczyk, M. and Husmeier, D. (2008)
Improving the structure MCMC sampler for Bayesian networks by introducing
a new edge reversal move. Machine Learning, 71(2-3), 265-305.

Summary:
The objective was to improve mixing and convergence of the classical structure MCMC
sampling scheme for static Bayesian networks, described in Subsection 2.6. This could
be achieved by introducing a novel and more involved edge-reversal move. The main
advantage of the upgraded structure MCMC sampling scheme is that it incurs the
bias intrinsic to the order MCMC scheme of Friedman and Koller (2003) without
increased computational costs. On various synthetic network data from the UCI
repository (Newman et al., 1998) it was demonstrated that the improved structure
MCMC sampler compares favorably with both sampling schemes: (i) the (original)
structure MCMC sampler and (ii) the order MCMC sampler. That is, the new sam-
pling scheme converges approximately as fast as the order MCMC sampling scheme,
i.e. substantially faster than the classical structure MCMC sampling scheme, but dif-
ferent from the order MCMC sampling scheme, the new upgraded structure MCMC
sampler does not yield biased results.

Motivation:
The structure MCMC sampling scheme for static Bayesian networks was described in
Subsection 2.6 and proposes exclusively moves based on single-edge-operations, such
as single edge deletions, additions and reversals in the configuration space of directed
acyclic graphs. Since these single-edge-moves are relatively small in the configuration
space of graphs, the structure MCMC algorithm tends to get trapped in local
maxima, and mixing and convergence are rather slow; especially when the posterior
distribution, P (G|D), has various peaks. Mixing and convergence is considerably
better for the order MCMC sampling scheme in the space of node orders, as proposed
by Friedman and Koller (2003) and briefly summarized in Subsection 2.6. But the
disadvantage of order MCMC is that the prior on graphs, P (G), cannot be defined
explicitly; see Subsection 2.6 for details. An approach that is intrinsically unable to
specify the prior, P (G), explicitly is not entirely satisfactory, since the graph prior
distribution can have a substantial influence on the posterior distribution and hence
on the outcome of inference; in particular for sparse data. Sampling in the space of
node orders is therefore not a sufficient remedy, and the idea was to improve the
original structure MCMC sampler by introducing a new edge reversal move. The key
idea behind this novel move is to allow for larger modifications of the current DAG
so that local maxima can be left.
Static Bayesian networks are based on directed acyclic graphs (DAGs) and the
structure MCMC approach allows the reversal of an edge, only if the reversal leads
to a new valid acyclic graph. Therefore, the first obvious problem is that it depends
on the overall structure of the current graph which edges Xi → Xj can be reversed
to Xi ← Xj . This shortcoming can be avoided by changing the parent sets πi and πj

of both nodes that are connected by the edge in a more involved way. The new move
samples two new parent sets π̃i and π̃j for both nodes such that the corresponding
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edge Xi → Xj points into the opposite direction, symbolically Xi ← Xj , in the new

graph G̃ and the overall structure of G̃ is acyclic again. But even for those edges
that can already be reversed by the classical structure MCMC reversal move, this
new edge reversal move has a clear advantage: By sampling completely new parent
sets for both nodes, instead of changing the direction of one single edge only, the
acceptance probability can be increased substantially. This is because the classical
edge reversal move does not take into consideration whether the reversal of the single
edge is useful in combination with the other nodes in the current parent sets πi and
πj . That is, the other nodes in πi and πj are unadapted to the reversed edge. The
new reversal move guarantees that both parent sets are merely resampled according
to their posterior probabilities (scores). The new parent sets π̃i and π̃j can be
expected to be ”higher-scoring” on average, as they are adapted to the edge reversal
from Xi → Xj to Xi ← Xj .

The mathematical model:
In the context of static Bayesian networks, described in Subsection 2.2, the following
additional definitions can be introduced: For node Xn let G{Xn}←∅ denote the graph
obtained by setting the parent set, πn, of node Xn to the empty set, that is, the new
graph is obtained by orphaning nodeXn (i.e. by removing from G all edges converging
on Xn). Correspondingly, for two nodes Xi and Xj let G{Xi,Xj}←∅ be the graph
obtained by orphaning both nodes Xi and Xj . The graph in which the old parent
set, πn, of node Xn is replaced for a new parent set, π̃n, is referred to as GXn←π̃n ,
and correspondingly the graph in which the old parent sets of both nodes Xi and Xj

are replaced by new parent sets, π̃i and π̃j , respectively, is denoted GXi←π̃i,Xj←π̃j .
These graph structures GXn←π̃n and GXi←π̃i,Xj←π̃j are not necessarily acyclic ones.
It is the indicator function δ : {G} → {0, 1} in the space of directed (not necessarily
acyclic) graphs that indicates if a graph is acyclic or not; i.e. δ(G) = 1 if G is acyclic,
and δ(G) = 0 if G is cyclic. Moreover, two partition functions are required. Given
a DAG, G = {π1, . . . , πN}, and a graph prior distribution that can be factorized, as

in Eq. (37), P (G) = ∏N
n=1 P (πn), the first partition function, Z(.), is a sum of local

scores over all those parent sets, π, of node Xn for which GXn←π is a valid DAG.

Z(Xn|G) :=
∑

π: δ(GXn←π)=1

Ψ(Dπ
n) · P (π) (51)

where the local scores, Ψ(.), were specified in Eq. (12). Given a DAG, G, and a node,
Xm, the second partition function, Z⋆(.), is a sum of local scores over all those parent
sets, π, of node Xn, which contain Xm, symbolically: Xm ∈ π, and for which GXn←π

is a valid DAG.

Z⋆(Xn|G, Xm) :=
∑

π : δ(GXn←π) = 1
Xm ∈ π

Ψ(Dπ
n) · P (π). (52)

The new edge reversal (REV) move consists of three steps and works as follows:

First step: Given a DAG, G, randomly select one of its directed edges Xi → Xj from
a uniform distribution over all edges of G and orphan both nodes Xi and Xj to obtain
the new DAG: G⊙ := G{Xi,Xj}←∅.

Second step: Sample a new parent set, π̃i, for node Xi which contains Xi’s
former child node Xj, symbolically Xj ∈ π̃i, and does not lead to any directed cycles

when added to G⊙, symbolically: δ(GXi←π̃i

⊙ ) = 1. The new parent set, π̃i, is sampled
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from the following modified Boltzmann distribution:

Q(π̃i|G⊙, Xj) =
Ψ(Dπ̃i

i ) · P (π̃i) · δ(GXi←π̃i

⊙ ) · I(π̃i, Xj)

Z⋆(Xi|G⊙, Xj)
, (53)

whereby I(π̃i, Xj) = 1 if Xj ∈ π̃i, and I(π̃i, Xj) = 0 otherwise, and the partition
function, Z⋆(.), was defined in Eq. (52). Having sampled the new parent set, π̃i, for
node Xi, set G⊕ := GXi←π̃i

⊙ = GXi←π̃i,Xj←∅, so that G⊕ is a valid DAG that contains
the oppositely oriented edge, Xi ← Xj.

Third step : Finally, sample a new parent set, π̃j, for node Xj from the fol-
lowing distribution:

Q(π̃j |G⊕) =
Ψ(Dπ̃j

j ) · P (π̃j) · δ(GXj←π̃j

⊕ )

Z(Xj |G⊕)
, (54)

where the partition function, Z(.), was defined in Eq. (51). That is, sample a new

parent set, π̃j, for node Xj, so that the graph, GXj←π̃j

⊕ , which possesses the reversed

edge, Xj ← Xi, remains acyclic. The DAG, G̃ := GXj←π̃j

⊕ = GXi←π̃i,Xj←π̃j , is
proposed by the new reversal move.

The proposal probability, Q⊲(G̃|G), of the REV move from G to G̃ is then given by:

Q⊲(G̃|G) = 1

N†
· Ψ(Dπ̃i

i ) · P (π̃i) · δ(GXi←π̃i

⊙ ) · I(π̃i, Xj)

Z⋆(Xi|G⊙, Xj)
×

Ψ(Dπ̃j

j ) · P (π̃j) · δ(GXj←π̃j

⊕ )

Z(Xj |G⊕)
(55)

where N† is the number of edges in G, G⊙ := GXi←∅,Xj←∅, G⊕ := GXi←π̃i

⊙ =

GXi←π̃i,Xj←∅, and the partition functions were defined in Eqns. (51-52). The in-
dicator function, I(π̃i, Xj), is equal to 1 if π̃i contains Xj , and 0 otherwise, while the
function δ(.) indicates acyclic graphs.
Each REV move changes the parent sets of two nodes and leaves the parent sets of all
other nodes unchanged. With regard to the computation of the acceptance probability
of the Metropolis Hastings algorithm a complementary REV move leading backward
from G̃ to G has to be designed, and it turns out (see original paper (Grzegorczyk
and Husmeier, 2008) for details) that for each REV move from G to G̃ by reversing
the edge Xi → Xj , there is exactly one inverse REV move leading back from G̃ to

G. The inverse move selects the edge Xj → Xi in G̃ for edge reversal, and orphaning

both nodes Xi and Xj in the first step yields the DAG G̃⊙. In the second step the
parent set πj of Xj in G has to be re-sampled and assigned as new parent set for Xj

in G̃⊙, which gives the DAG G̃⊕. Finally, in the third step the parent set πi of Xi in
G has to be re-sampled and assigned as the new parent set for Xi in G̃⊕, which gives
the DAG G again.
The acceptance probability for a REV move from G to the graph G̃ (G 6= G̃) is given
by: A⊲(G̃|G) = min

{
1, R⊲(G̃|G)

}
where

R⊲(G̃|G) = P (G̃|D)
P (G|D)

Q⊲(G|G̃)
Q⊲(G̃|G)

(56)

Q⊲(G̃|G) is the proposal probability for a move from G to G̃, and Q⊲(G|G̃) is the pro-
posal probability for a move from G̃ to G. All local scores corresponding to unaffected
nodes cancel out in Eq. (56), and all that remains to be computed are the modified
partition functions:

A⊲(G̃|G) = min

{
1,

N†

Ñ†
· Z

⋆(Xi|G⊙, Xj)

Z⋆(Xj |G̃⊙, Xi)
· Z(Xj |G⊕)
Z(Xi|G̃⊕)

}
(57)
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where N† is the number of edges in G, Ñ† is the number of edges in G̃, and the
partition functions were defined in Eqns. (51-52). The transition probability for a
move from G to G̃ is then given by: K⊲(G̃|G) = Q⊲(G̃|G) ·A⊲(G̃|G) where Q⊲(G̃|G) was
defined in Eq. (55) and A⊲(G̃|G) was defined in Eq. (57).

Inference:
The complexity of the computations required for the proposed edge reversal move can
be substantially reduced using the same ideas and approximations that were proposed
in Friedman and Koller (2003) for order MCMC. In particular, for each node Xn the
products Ψ⋆(Dπn

n ) := Ψ(Dπn
n ) · P (πn) can be pre-computed and stored, instead of

re-computing them each time when required.
The classical structure MCMC sampler, described in Subsection 2.6, is based on three
different single-edge-operations (edge additions, edge deletions and edge reversals).
In the improved structure MCMC algorithm in each iteration either one of the three
single-edge-operation moves or one of the novel REV edge reversal moves is performed.
More precisely, a probability pR ∈ [0, 1] can be pre-determined with which a REV
move is chosen, and a classical single-edge-operation move is performed with the
inverse probability pS := 1−pR. The probability pR can be adapted during the burn-
in period so as to optimize the acceptance probability rate. However, in simulations
it was found that the results varied little over quite a large range of pR around 1/15;
therefore the fixed value pR = 1/15 was used. See original publication (Grzegorczyk
and Husmeier, 2008) for details.

Selected application(s):
The improved structure MCMC sampler, which includes the novel edge reversal
move (REV), is superior to the two classical samplers, described in Subsection 2.6,
since it converges as fast as order MCMC without yielding biased results. The
first empirical study of this thesis demonstrates that order MCMC actually yields
biased results, while the original structure MCMC sampler and the improved (REV)
structure MCMC sampler are unbiased. For small network domains with up to N = 5
nodes the true posterior probabilities of directed edge features can be computed
with Eq. (3) in reasonable time. And these true posterior probabilities, obtained
by exhaustive enumeration of all valid directed acyclic graphs, can be compared
with the directed edge feature posterior probability estimates obtained from samples
of the three MCMC sampling schemes using Eq. (4). In the original study this
was done for various data sets available from the UCI repository (Newman et al.,
1998). For networks with too many nodes random subnetworks with N = 5 nodes
were selected. Figure 3 shows the deviations between the estimated and the true
posterior probabilities for the three MCMC samplers for different data subsets from
the congressional voting records data set (VOTE) and the solar FLARE data set.
The complete VOTE data set is available from the UCI repository and consists of
N = 16 discrete variables and m = 435 observations. The complete FLARE data set
is also available from the UCI repository and consists of N = 13 discrete variables
and m = 1389 observations. Data subsets with m = 10, m = 25, and m = 50
observations were randomly selected from the available observations, and the BDe
model was employed for the Bayesian networks, since both data sets VOTE and
FLARE are discrete.25 Figure 3 shows that neither the original nor the improved
structure MCMC sampler yield biased inference results. All marginal edge posterior
probability estimates are located near the reference line, indicating no systematic

25In the UCI repository plenty of values for the VOTE data set are missing. Observations, in which
the value of one of the 5 selected variables was missing, were removed before randomly drawing the
data subsets.
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Figure 3: Deviations between true and estimated directed edge feature
posterior probabilities for different subsets of the VOTE and FLARE data.
In each panel the true posteriors are plotted along the x-axis, and parallel to the
x-axis there is a thin reference line for each of the three MCMC samplers. The
upper line corresponds to structure, the center line corresponds to the new REV
structure, and the lower line corresponds to the order MCMC sampler. The reference
lines correspond to zero deviation. The points around each line correspond to the
edge features: their x-coordinates are the true posterior probabilities while their y-
coordinates - relative to the corresponding reference line - reflect their deviations.
The true posterior probabilities were obtained by full model averaging.

deviation between the estimated and the true marginal edge posterior probabilities.
Only for the order MCMC sampler there are systematic deviations between the
estimated and the true marginal edge posterior probabilities. For the sparse data sets
with m = 10 observations the deviations tend to be stronger, since the biased graph
prior distribution has then a larger effect on the posterior distribution. For the data
sets with m = 50 observations the dominant contribution to the posterior distribution
stems from the marginal likelihood and the deviations are less substantial.

To demonstrate that the improved REV structure MCMC sampling scheme
converges as fast as the biased order MCMC sampling scheme, independent and
differently seeded MCMC simulations were performed with all three samplers on
data sets with m = 100, m = 500, and m = 1000 observations from the ALARM
network (Beinlich et al., 1989). The ALARM network is a discrete network from the
UCI repository which possesses N = 37 nodes and 47 directed edges; see Beinlich
et al. (1989) for details. The MCMC simulation lengths and sample sizes were
chosen such that exactly the same computational costs were spend for all three
sampling schemes (see original publication (Grzegorczyk and Husmeier, 2008) for
details). As described in Subsection 2.7, for each of the three sampling schemes the
marginal edge posterior probabilities of directed edge features can be computed from
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each independent MCMC simulation output with Eq. (45), and the results can be
plotted against each other. Figure 4 shows scatter plots of these marginal directed
edge feature posterior probability estimates. It can be seen from the scatter plots
that the results of REV structure MCMC and order MCMC do not depend on the
initialization. For each sample size m the differently seeded runs yield very similar
results, while the classical structure MCMC sampler has not converged sufficiently.
It appears that the number of strongly deviating posterior probability estimates
increases in the data set size m. This is due to the fact that the posterior probability
landscape becomes more rugged with increasing m, which hampers convergence. It
can also be observed in the scatter plots that the inference uncertainty is reduced
for larger data sets; i.e. the posterior probability becomes more bimodal, with values
clustering around 0 and 1.
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Figure 4: Convergence control via scatter plots. Scatter plots that compare the
marginal posterior probability estimates of the directed edge features (see Eq. (45) in
Subsection 2.7) on the Alarm network (Beinlich et al., 1989) data sets with m = 100,
m = 500, and m = 1000 observations. Left column: structure MCMC, center column:
REV structure MCMC, and right column: order MCMC. In each plot every point
corresponds to a single directed edge feature and its coordinates were estimated from
two DAG samples of size 1000 obtained by two independent and differently seeded
MCMC runs. The x coordinates were estimated from a sample obtained by an empty
seeded (structure and REV-structure MCMC) or randomly seeded (order MCMC)
run, and the y coordinates were estimated from a sample obtained by a greedy search
seeded MCMC run. The coordinates of all points were randomly perturbed (by adding
an N(0, 0.012)-distributed error to each coordinate) to visualize clusters of points.



40 3 RESEARCH CONTRIBUTIONS



3.3 Brief discussion of publications 41

3.3.2 Modeling non-homogeneous Bayesian networks with a free alloca-
tion model

• ORIGINAL PUBLICATION no. 1: Grzegorczyk, M., Husmeier, D.,
Edward, D.E., Ghazal, P., and Millar, A.J. (2008) Modelling non-stationary
gene regulatory processes with a non-homogeneous Bayesian network network
and the allocation sampler. Bioinformatics, 24(18), 2071-2078.

• ORIGINAL PUBLICATION no. 2: Ickstadt, K., Bornkamp, B., Grze-
gorczyk, M., Wieczorek, J., Sheriff, M.R., Grecco, H.E. and Zamir, E. (2010)
Nonparametric Bayesian Networks. In: Bayesian Statistics 9 , Bernardo et al.
(eds.), Oxford University Press, 283-316.

Summary:
The objective was to propose and evaluate a probabilistic approach based on Bayesian
networks for modeling non-homogeneous and non-linear gene-regulatory processes.
The method combines Bayesian networks with a Bayesian mixture model that uses
latent variables to assign individual data points to different mixture components
(classes). The practical inference follows the Bayesian paradigm, i.e. the network,
the number of classes and the assignment of latent variables can be sampled with
Markov Chain Monte Carlo (MCMC) from the posterior distribution, using the re-
cently proposed allocation sampler (Nobile and Fearnside, 2007) as an alternative to
Reversible Jump Markov Chain Monte Carlo (RJMCMC). The novel model is called
the Bayesian Gaussian Mixture (BGM) Bayesian network model, and was evaluated
using three criteria: network reconstruction, statistical significance and biological
plausibility. In terms of network reconstruction, improved results were found for both
(i) a synthetic network of known structure and (ii) for a small real regulatory network
derived from the literature. In the first publication (Grzegorczyk et al. (2008)), the
statistical significance of the improvement was assessed on gene expression time series
for two different systems (viral challenge of macrophages, and circadian rhythms in
plants), where the proposed new BGM Bayesian network model tends to outperform
the classical linear Gaussian BGe model for Bayesian networks. Regarding biological
plausibility, it was found that the inference results obtained with the proposed BGM
model are in excellent agreement with biological findings, predicting dichotomies that
one would expect to find in the studied biological systems. The second publication
(Ickstadt et al. (2010)) is more theoretically orientated and discusses the novel BGM
model from a Bayesian perspective in the broader context of non-parametric Bayesian
mixture models. Furthermore, the biochemical processes of protein binding in cellular
signalling cascades were modeled with a system of coupled differential equations to
generate realistic data sets, on which the performance of the BGM model could be
evaluated properly; see Ickstadt et al. (2010) for details.

Motivation:
To obtain the closed-form expression of the marginal likelihood in Bayesian networks
two probabilistic models with their respective conjugate prior distributions have
been employed in the past: the multinomial distribution with the Dirichlet prior,
leading to the so-called BDe model (Cooper and Herskovits, 1992), and the linear
Gaussian distribution with the normal-Wishart prior, leading to the BGe model
(Geiger and Heckerman, 1994). These approaches are restricted in that they either
require the data to be discretized (BDe) or can only capture linear regulatory
relationships (BGe). A non-linear non-discretized model based on heteroscedastic
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regression has been proposed by Imoto et al. (2003). However, this approach no
longer allows the marginal likelihood to be obtained in closed-form and requires
a restrictive approximation (the Laplace approximation for integrals) to be used.
Another nonlinear model based on node-specific Gaussian mixture models has been
proposed in Ko et al. (2007). Again, the marginal likelihood is intractable. The
authors resort to the Bayesian information criterion (BIC) of Schwarz (1978) for
model selection, which is only a good approximation to the marginal likelihood
in the limit of very large data sets, and employ the Expectation Maximization
(EM) algorithm (Dempster et al., 1977) for inference. The proposed BGM model
is a non-linear generalization of the static (see Subsection 2.3) and dynamic (see
Subsection 2.5) Gaussian BGe model for Bayesian networks, and can be motivated
by the fact that any probability distribution can, in principle, be approximated
arbitrarily closely by a mixture model. In the BGM model data points are assigned
to different compartments (subsets of the data) with the allocation sampler of Nobile
and Fearnside (2007). Model parameters and their distributions are allowed to
differ between compartments, while information is shared among the compartments
via a common network structure. Conditional on the common network structure,
each compartment (data subset) is modeled separately and independently with the
Gaussian BGe model for Bayesian networks.

The mathematical model:
As explained in Subsections 2.2-2.4 it is assumed that there is a N -by-m data matrix,
D, and that the columns arem observations of the random vector ~X = (X1, . . . , XN )T .
The BGM Bayesian network model can be applied to both: static data, when each
observation (column of D) is an independent realization of ~X, and dynamic data,
when the observations are time dependent with a homogeneous Markovian dependence
structure. In this thesis the focus will be on first-order dynamic Bayesian networks
with τ = 1, and it is referred to the original publication (Grzegorczyk et al., 2008)
for static Bayesian networks.
In addition to those notations that were introduced for standard dynamic Bayesian
networks in Subsection 2.4, let ~V be an allocation vector, whose entries are latent
variables. The vector, ~V, gives an allocation of the m observations to K mixture
components: For j = 1, . . . ,m: ~V(j) = k means that the j-th observation is allocated

to the k-th component (1 ≤ k ≤ K). D(~V,k) denotes the data subset consisting of all

observations allocated to the k-th component by ~V (1 ≤ k ≤ K). The joint posterior

probability of a graph, G, an allocation vector, ~V, and K mixture components is
assumed to factorize as follows:

P (G,K, ~V|D) = P (G,K, ~V ,D)
P (D) ∝ P (G,K, ~V ,D) = P (K)P (~V|K)P (G)P (D|G,K, ~V)

(58)
where

P (D|G,K, ~V) =
K∏

k=1

P (D(~V,k)|G) (59)

From Eq. (59) it can be seen that the marginal likelihood terms, P (D(~V,k)|G), for
the data subsets, D(~V,k), given the graph, G = {π1, . . . , πn}, can be computed inde-
pendently with one of the standard Bayesian network model; e.g. the Gaussian BGe
model. That is, if no observation is allocated to the k-th component, symbolically

D(~V,k) = ∅, then P (D(~V,k)|G) is equal to 1, and for non-empty components Eq. (21)
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can be employed:

P (D(~V,k)|G) =

∫
P (D(~V,k)|G,θ)P (θ|G)dθ =

N∏

n=1

Ψ(D(~V,k),πn
n ) (60)

Ψ(D(~V,k),πn
n ) =

∫ ∏

t:~V(t)=k

P
(
Xn = Dn,t|πn = Dπn,t−1,θn

)
P (θn|πn)dθn (61)

which yields a closed-form expression for P (D(~V,k)|G) for each component k if a stan-
dard Bayesian network model (BDe or BGe) is employed. Since there is a closed-
form solution for each factor, the marginal likelihood of the proposed BGM model,
P (D|G,K, ~V), in Eq. (59) can also be computed in closed-form.
For the graph prior, P (G), in Eq. (58) a standard prior, e.g. a uniform distribution
over networks, can be chosen. For the prior on K, P (K), a truncated Poisson dis-
tribution with parameter λ = 1 restricted to 1 ≤ K ≤ KMAX can be selected, and
it is further assumed that the probability distribution of the allocation vector, ~V ,
conditional on K is given by:

P (~V|K, ~p) =
K∏

k=1

pnk

k (62)

where ~p = (p1, . . . , pK)
T with

∑K
k=1 pk = 1 are the non-negative mixture weights,

and nk is the number of observations allocated to the k-th mixture component by
~V , symbolically nk := |D(~V,k)|. The prior on the mixture weights, ~p = (p1, . . . , pK)

T ,
is chosen to be a Dirichlet distribution, P (~p) = Dir(α1, . . . , αK), with hyperparam-

eters ~α = (α1, . . . αK)
T . This prior is conjugate, and the marginal probability of ~V

conditional on K is thus given by:

P (~V|K) =
∫

P (~V|K, ~p)P (~p)d~p = Dir(n1 + α1, . . . , nK + αK) (63)

This choice of prior distributions for P (G), P (K), and P (~V|K) combined with the

closed form solutions for P (D(~V,k)|G) (1 ≤ k ≤ K) from Eq. (60) ensures that the

joint probability distribution, P (G,K, ~V ,D), which is proportional to the posterior
distribution (see Eq. (58)), can be computed in closed-form.

Inference:
The new Gaussian mixture allocation MCMC sampling scheme generates a sam-
ple {Gi,Ki, ~Vi}i=1,...,T from the joint posterior distribution, P (G,K, ~V|D), given in
Eq. (58) and comprises six different types of moves in the configuration space,{
[G,K, ~V ]

}
. The first move type is a classical structure MCMC single-edge-operation

on the graph, G, while the number of components, K, and the allocation vector, ~V ,
are left unchanged. According to Eq. (31) a new candidate graph, G̃, is randomly
drawn out of the set of neighbor graphs, N (G), that can be reached from the current
graph, G, by one single edge deletion, edge addition or edge reversal. The new state,
[G̃,K, ~V ], is accepted or rejected according to Eq. (32) where the likelihood terms,

P (D|G), in Eq. (32) have to be replaced by the corresponding P (D|G,K, ~V) terms
of the BGM model, given in Eq. (59). The acceptance probability for a move from

[G,K, ~V ] to [G̃,K, ~V ] is then given by A = min {1, R} where

R =
P (G̃,K, ~V|D)
P (G,K, ~V|D)

· |N (G)|
|N (G̃)|

=
P (G̃)∏Kk=1 P (D(~V,k)|G̃)
P (G)∏Kk=1 P (D(~V,k)|G)

· |N (G)|
|N (G̃)|

(64)
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The five other move types are adapted from Nobile and Fearnside (2007) and operate

on ~V or on both K and ~V. The resulting algorithm is effectively a RJMCMC sampling
scheme in the discrete space of network structures and latent allocation vectors, where
the Jacobian in the acceptance criterion is always 1, and hence can be omitted. If
there are K > 2 mixture components, then moves of the type M1 and M2 can be used
to re-allocate some observations from one component k1 to another one k2. That
is, a new allocation vector ~V∗ is proposed while G and K are left unchanged. The
Ejection move type proposes to increment the number of mixture components by 1
and simultaneously tries to re-allocate some observations to fill the new component.
To this end, it randomly selects a mixture component and tries to re-allocate some
of its observations to the newly proposed component K + 1 while the graph, G, is
left unchanged. The Absorption move is complementary to the Ejection move and
proposes to decrement the number of mixture components by 1. To this end, it
randomly selects two mixture components and deletes one of them after having re-
allocated all of its observations to the other component. The acceptance probabilities
for M1, M2, Ejection, and Absorption moves from [G,K, ~V ] to [G,K∗, ~V∗] are of the
same functional form:

A =

{
1,

P (D|G,K∗, ~V∗)
P (D|G,K, ~V)

· P (~V∗|K∗)
P (~V|K)

· P (K∗)
P (K) ·

Q(~V∗|~V)
Q(~V|~V∗)

}
(65)

where the likelihood terms have been specified in Eq. (59), the proposal probabilities
Q(.|.) depend on the move type (M1, M2, Ejection or Absorption), and K∗ = K for
M1 and M2 moves, K∗ = K + 1 for Ejection moves, and K∗ = K − 1 for Absorption
moves.
E.g. the M1 move works as follows: If there is one mixture component only, symbol-
ically K = 1, a different type of move has to be selected. Otherwise randomly select
two mixture components, e.g. the i-th and the j-th among the K available. Draw a
random number p from a Beta distribution whose parameters are equal to the corre-
sponding hyperparameters αi and αj of the Dirichlet prior, P (~p) = Dir(α1, . . . , αK),
on the mixture weights, ~p. Re-allocating each observation currently belonging either
to the i-th or to the j-th component with probability p to component i and with the
complementary probability 1− p to component j gives the new allocation vector, ~V∗.
Nobile and Fearnside (2007) show that for M1 proposal probabilities holds:

Q(~V∗|~V)
Q(~V|~V∗)

=

{
P (~V∗|K∗)
P (~V|K)

}−1
(66)

Therefore, the corresponding terms in Eq. (65) cancel out. Furthermore, as the M1
move does not change the number of components, K∗ = K, all that remains to com-

pute is the likelihood ratio: P (D|G,K,~V∗)

P (D|G,K,~V)
. For M1 moves all except the i-th and the

j-th factor cancel out from the ratio when the likelihoods are factorized according to
Eq. (59). Hence the acceptance probability for an M1 move from [G, ~V ,K] to [G, ~V∗,K]
is given by:

A = min

{
1,

P (D(~V∗,i)|G)
P (D(~V,i)|G)

P (D(~V∗,j)|G)
P (D(~V,j)|G)

}
(67)

and the four probabilities can be computed with Eq. (60). The details for the other
four moves can be found in the original publication (Grzegorczyk et al., 2008). The
sixth move type uses Gibbs sampling to re-allocate one single observation by sampling
its new allocation from the corresponding univariate conditional distribution while
leaving G, K and the other components of ~V unchanged; see Grzegorczyk et al. (2008)
for details.
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Figure 5: MCMC inference results obtained with the BGM model for the
macrophage data. Top row: Histograms of the numbers of BGM components for
the three macrophage gene expression time series. For each experimental condition
the posterior probability (vertical axis) of the number of components K (horizontal
axis) have been estimated from the MCMC trajectories. Bottom row: Graphical rep-
resentation of the temporal connectivity structure for the macrophage gene expression
data. The figure shows heatmap representations that indicate the estimated posterior
probability of two time points being assigned to the same state (component). The
probabilities are represented by a grey shading, where white corresponds to a prob-
ability of 1, and black corresponds to a probability of 0. The numbers on the axes
represent the time points of the time course experiment. The analysis was repeated
for all three experimental conditions CMV, IFNγ and CMV+IFNγ, as explained in
the text.

Selected application(s):
Interferons (IFNs) play a pivotal role in the innate and adaptive mammalian im-
mune response against infection, and central research efforts therefore aim to eluci-
date their regulatory interactions (Honda et al., 2006). In the study presented here,
the BGM Bayesian network model was applied to gene expression time series from
bone marrow derived macrophages, which were sampled at 25 × 30 minute time in-
tervals. The macrophages were subjected to three external conditions: (1) infection
with Cytomegalovirus (CMV), (2) treatment with Interferon Gamma (IFNγ), and (3)
infection with Cytomegalovirus after pre-treatment with IFNγ (CMV+IFNγ). The
focus was on time series of the Interferon regulatory factors Irf1, Irf2 and Irf3, since a
gold standard network for the interactions between these factors can be derived from
the literature (Darnell et al. (1994) and Raza et al. (2008)): Irf2 ↔ Irf1 ← Irf3.26

For the macrophage gene expression time series, the MCMC sampling scheme infers
K = 2 components for the conditions CMV and IFNγ, while for the third condi-
tion CMV+IFNγ most of the sampled states consist of K = 1 component only, as
shown in the top row of Figure 5.27 The fraction of sampled states for which two
observations i and j are allocated to the same component k (1 ≤ k ≤ K) can be
used as a connectivity measure C(i, j). The bottom row of Figure 5 displays the

26The Interferon regulatory factors are the key regulators in the response of the macrophage cell
to pathogens. They mediate the cellular signalling that leads to a transcriptional response to the
initial binding events on the surface of the cell.

27Simulation details, such as hyperparameter settings and MCMC simulation lengths can be found
in the original publication (Grzegorczyk et al., 2008).
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Figure 6: Reconstructing the regulatory network of the three Interferon regulatory

factors Irf1, Irf2, and Irf3. Panels (a)-(c): Mean posterior probabilities (vertical axis) of true and
false edges in the Irf regulatory network, inferred with BDe, BGe, and BGM (horizontal axis) from the
three macrophage gene expression time series: (a) CMV, (b) IFNγ , and (c) CMV+IFNγ . According
to the biological literature the true edges are: Irf1→ Irf2, Irf2→ Irf1, and Irf3→ Irf1, while
the edges Irf1 → Irf3, Irf2 → Irf3, and Irf3 → Irf2 are spurious. In panel (d) an AUROC
histogram plot is given. For each of the three conditions the histogram shows bars of the BDe
(white), BGe (grey) and BGM (black) AUROC values. It can be seen that BGM is never inferior
to BDe or BGe in terms of AUROC scores, but BGM outperforms (i) BDe for the two conditions
CMV and CMV+IFNγ and (ii) BGe for the two conditions IFNγ and CMV+IFNγ .

resulting connectivity matrices graphically as heat matrices. From the heat matrices
the same systematic trend can be observed for the three conditions. The first part
(observations no. 2-6) and the last part of the three time series (observations no. 8-
25) are allocated to different components. For condition CMV (IFNγ) the allocation
of observation no. 7 (no. 9) is not fixed, that is, the allocation changes during the
MCMC simulation. For CMV+IFNγ, whose number of components peaks at K = 1
(see panel (c) in Figure 5), the separation between the two parts is less pronounced,
though consistent with the other results. That is, there is a two-stage process, which
reflects a state change in the host macrophage brought about by infection (CMV)
or immune activation (IFNγ). Interestingly, this state change is less pronounced in
the combined condition CMV+IFNγ. This observation is consistent with the known
biological responses of macrophages to simultaneous infection by virus (CMV) and
immune (IFNγ) activation. It suggests that upon dual challenge with both an infec-
tion and immune activation (CMV+IFNγ) signalling leads to a pronounced singular
response. This is in agreement with observations of cooperation between viral and
immune signalling in effective vigorous anti-viral state within the host macrophage,
as discussed in Benedict et al. (2001).
To understand whether the BGM model also yields a better network reconstruction
accuracy, the mean posterior probabilities of the true and false edges of the BGM
model can be compared with those from the two standard Bayesian network mod-
els BGe and BDe; see Figure 6. For the IFNγ condition (panel (b)) BGM performs
substantially better than BGe and BDe. For the other two conditions the difference
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between the posterior means for the true and the false edges is also best for BGM,
but the difference is less pronounced (BDe: 0.24, BGe: 0.24, BGM: 0.39 (CMV) and
BDe: -0.42 , BGe: 0.09, BGM: 0.14 (CMV+IFNγ)).
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3.3.3 Modeling non-homogeneous Bayesian networks with a multiple
changepoint model

• ORIGINAL PUBLICATION no. 1: Grzegorczyk, M., Husmeier, D.,
and Rahnenführer, J. (2011) Modelling non-stationary gene regulatory processes
with the BGM model. Computational Statistics, 26(2), 199-218.

• ORIGINAL PUBLICATION no. 2: Grzegorczyk, M., Husmeier, D.,
and Rahnenführer, J. (2010) Modelling non-stationary gene regulatory pro-
cesses. Advances in Bioinformatics, Volume 2010, online article, 21 pages.

Summary:
In these two articles a modification of the Bayesian Gaussian Mixture (BGM)
Bayesian network model from Subsection 3.3.2 was proposed, and the novel model
was referred to as the dynamic variant BGMD of the BGM model.28 The novel
BGMD model is more suitable for modeling dynamic gene regulatory networks and
gene expression time series, since it replaces the free mixture allocation model of the
original BGM model from Subsection 3.3.2 by a multiple changepoint process. The
assignment of data points to components is then done by a multiple changepoint
process (Green (1995) and Suchard et al. (2003)), which divides the time series
into segments, and therefore – different from the free allocation BGM model – the
intuitive prior notion, that adjacent time points are likely to be governed by similar
distributions, is taken into account.
The focus of the first publication (Grzegorczyk et al., 2011) was on synthetic
network data and the paper also contains a cross-method comparison with two
other methods, namely a state-space model (Beal et al., 2005) and a sparse linear
regression approach (Rogers and Girolami, 2005). The second original publication
(Grzegorczyk et al., 2010) extends the first publication in three important aspects:
First, the two models BGM and BGMD were cross-compared on several gene
expression time series from macrophages and Arabidopsis thaliana. Second, both
models BGM and BGMD were also implemented with the discrete BDe model to
compare their performances on inferring the morphogenic stages of muscle develop-
ment in Drosophila melanogaster from binary gene expression time series. Third, in
addition to the application to three real biological systems, the second publication
(Grzegorczyk et al., 2010) also contains several theoretical comparisons between the
two models BGM and BGMD. These theoretical studies include a comparison of
the a priori imposed temporal connectivity structures and a comparison of the prior
probability ratios between the non-homogeneous and the homogeneous states of the
two models. The theoretical results were found to be consistent with the empirical
findings for real gene expression data, and thus give a deeper insight into the intrinsic
difference between the free allocation BGMmodel and its changepoint variant BGMD.

Motivation:
The Bayesian Gaussian Mixture (BGM) Bayesian network model from Subsec-
tion 3.3.2 provides the proper approximation of a non-linear regulation process by a

28Although the Computational Statistics paper (Grzegorczyk et al., 2011) was printed later than
the Advances in Bioinformatics online article (Grzegorczyk et al., 2010), the Computational Statis-

tics paper is theoretically orientated and can be seen as a precursor of the Advances in Bioinformatics

paper, whose main focus is on biological applications. The principle idea of the BGMD model was
first presented at the WCSB workshop 2009 in Aarhus, Denmark and appeared in the conference
proceedings (Grzegorczyk and Husmeier, 2009b).
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piecewise linear process, since the assignment of observations to mixture components
is done in the domain of the variables by a free mixture allocation of data points.
Replacing the free mixture allocation model by a multiple changepoint process (e.g.
see Green (1995) and Suchard et al. (2003)) yields the modified BGMD model,
which in the first instance relaxes only the homogeneity assumption intrinsic to
dynamic Bayesian network methodology. The novel BGMD model provides a proper
approximation of a non-linear regulation process only under the assumption that the
temporal processes are sufficiently smooth, since the assignment of observations to
mixture components is now done in the temporal domain rather than the domain
of variables. However, replacing the free allocation mixture model by a multiple
changepoint process, reduces the complexity of the allocation space substantially and
incorporates as prior knowledge that adjacent time points are likely to be assigned
to the same component. As for the original BGM model from Subsection 3.3.2,
the practical inference follows the Bayesian paradigm and samples the network, the
number of changepoints and the changepoint locations from the posterior distribution
with Markov Chain Monte Carlo (MCMC).

The mathematical model:
In the first instance, the novel BGMD model is similar to the original BGM model,
described in Subsection 3.3.2. Given the N -by-m data matrix, D, of temporal obser-
vations, let Dn,t and Dπn,t denote the realizations of Xn and πn at time point t. An

allocation vector, ~V, of length m gives an allocation of the time points to K classes. In
the BGMD model the classes correspond to temporal segments rather than mixture
components. ~V(j) = k means that the j-th observation is allocated to time segment k.
The joint posterior probability of a graph, G, K segments, and the allocation vector,
~V, factorizes exactly as in the BGM model:

P (G,K, ~V|D) = P (G,K, ~V ,D)
P (D) ∝ P (G,K, ~V ,D) = P (K)P (~V|K)P (G)P (D|G,K, ~V)

(68)

where P (D|G, ~V ,K) was defined in Eq. (59) and can be computed in closed-form with
Eqns. (60-61), as explained in Subsection 3.3.2. The posterior distribution for the
BGMD model is then given by:

P (G, ~V ,K|D) ∝ P (K)P (~V|K)P (G)
K∏

k=1

N∏

n=1

Ψ(D(~V,k),πn
n ) (69)

where the local scores, Ψ(.), were specified in Eq. (61). As for the original BGM
model the prior on K, P (K), is assumed to be a truncated Poisson distribution with
parameter λ = 1 restricted to 1 ≤ K ≤ KMAX . But different from the original BGM
model the allocation vector, ~V , of the novel BGMD model is not implemented by a
free mixture allocation model. In the BGMD model K segments are identified with
K − 1 changepoints: b1, . . . , bK−1 on the continuous interval [2,m], where m is the
number of observed time points, and the allocation is done by a multiple changepoint
process (Green, 1995). That is, the observation at time point t is assigned to the k-th

component, symbolically ~V(t) = k, if bk−1 ≤ t < bk, where for notational convenience
the pseudo-changepoints b0 = 2 and bK = m have been introduced. That is, the set
of changepoints, B = {b1, . . . , bK−1}, consisting of K − 1 changepoints, specifies the

allocation vector, ~V = V(B), where the function, V(.), maps the changepoints onto
the allocation vectors, as described above.
Following (Green, 1995) it is assumed that the changepoints in B are distributed as
the even-numbered order statistics of L := 2(K− 1) + 1 points, u1, . . . , uL, uniformly
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and independently distributed on the interval [2,m]. The motivation for this prior,
P (B|K), instead of taking K−1 uniformly distributed points, is to encourage a priori
an equal spacing between the changepoints, i.e. to discourage segments (classes) that
contain only a short compartment of the time series.
It is important to note that this prior, P (B|K), on K − 1 changepoint locations,

b1, . . . , bK−1, induces a prior distribution, P (~V|K), on the allocation vector, ~V , condi-
tional on the number of classes, K, but there is no closed-form expression for P (~V|K).
Therefore, it is more convenient and also appears more natural to sample indirectly
from P (~V|K) by modifying the number and locations of changepoints rather than

modifying the allocation vector, ~V , directly. The changepoint set, B = {b1, . . . , bK−1},
specifies the number of segments, K = |B|+ 1, where |.| denotes the cardinality, and

a unique allocation vector, ~V = V(B). But there is no one-to-one mapping; i.e. dif-
ferent changepoint sets, B and B∗, can be mapped onto the same allocation vector,
~V = V(B) = V(B∗). The MCMC sampling scheme, that will be discussed below, fea-
tures moves that propose to change the set of changepoints from B to B∗. And each
move in the space of changepoint sets corresponds to a move in the space of the num-
ber of components and the allocation vectors: [K, ~V ] to [K∗, ~V∗], where ~V = V(B),
~V∗ = V(B∗), K = |B| + 1, and K∗ = |B∗| + 1. However, it should be noted that
the BGMD model could also be formulated in terms of changepoint sets rather than
allocation vectors.

Inference:
Like the MCMC sampling scheme for the original BGM model, described in Subsec-
tion 3.3.2, inference for the BGMD model can be done by combining the structure
MCMC sampling algorithm from Subsection 2.6 with suitable moves that change the
changepoint set, B = {b1, . . . , bK−1}, where K = |B| + 1 is the number of (possibly
empty) segments. For the latter types of moves changepoint birth, death and re-
allocation moves (Green, 1995) appear to be most appropriate. In each MCMC step
either a single-edge-operation structure MCMC move on the graph, G, is performed
and the set of changepoints, B, is left unchanged, or a move on B is performed while
the graph, G, is left unchanged. The acceptance probability for a move on the graph,
G, is given by Eq. (64) with ~V = V(B) and K = |B|+ 1.
The changepoint birth move adds one new changepoint to B = {b1, . . . , bK−1}, and
the new changepoint set, B∗, consists of K changepoints. The changepoint death
move removes one changepoint from B and the new changepoint set, B∗, possesses
K∗ = K−2 changepoints. For birth and death moves the new allocation vector is given
by: ~V∗ = V(B∗). The changepoint reallocation move substitutes one single change-
point in B for a new one. This gives a new changepoint set B∗, with an unchanged
cardinality, K − 1, and the novel allocation vector is given by: ~V∗ = V(B∗).29 If a
changepoint move is performed, the move types are selected with probabilities that
depend on the current number of segments K: pb,K (for a birth), pd,K (for a death),
and pr,K (for a re-allocation) move, where pb,K+pd,K+pr,K = 1 (K = 1, 2, . . .). These

29Note that the three changepoint moves ensure that the changepoint sets B and B∗ are different,
but the allocation vectors ~V = V(B) and ~V∗ = V(B∗) may be identical. The sampling scheme is
defined in the space [G,B] and under fairly mild regularity conditions (ergodicity), it converges to the
posterior distribution P (G,B|D) if the equation of detailed balance is fulfilled (Green, 1995). The
condition of detailed balance implies that there is a unique complementary move for each move, and
that the acceptance probability depends on the proposal probability of this complementary move.
The moves presented here are designed such that there is a unique complementary death move for each
birth move and vice-versa, and each re-allocation move can be reversed by one single (complementary)
re-allocation move. Obviously, a Markov chain converging to the posterior distribution, P (G,B|D),

also converges to P (G, ~V,K|D) in the space [G, ~V,K], where ~V = V(B) and K = |B|+ 1.
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probabilities can be chosen as follows (Green, 1995):

pb,K = c ·min

{
1,

P (K + 1)

P (K)

}
, pd,K = c ·min

{
1,

P (K − 1)

P (K)

}
, (70)

where c is a constant that can be chosen as large as possible subject to the constraint
pb,K + pd,K ≤ 0.9 for K = 1, 2, . . ., and pr,K = 1− pb,K − pd,K.

The acceptance probability for a move from [G,B] to [G,B∗] or [G,K, ~V ] to [G,K∗, ~V∗],
respectively, is then of the following functional form:

A = min

{
1,

P (D|G, ~V∗,K∗)
P (D|G, ~V ,K)

× I × P

}
(71)

where ~V = V(B), ~V∗ = V(B∗), K = |B| + 1, K∗ = |B∗| + 1, I is the inverse proposal
probability ratio, and

P =
P (~V∗|K∗)P (K∗)
P (~V|K)P (K)

(72)

is the prior probability ratio. The exact form of the factors I and P depends on the
move type.

(i) For a changepoint re-allocation move, one of the existing changepoints bj ∈ B =
{b1, . . . , bK−1} is randomly selected and removed. Subsequently, the replacement

changepoint b†j is drawn from a uniform distribution on [bj−1, bj+1] where b0 = 2 and
bK = m. The inverse proposal probability ratio I in Eq. (71) is then equal to 1. The
prior probabilities P (K∗) = P (K) cancel out in the prior probability ratio, and the
remaining prior probability ratio

P =
P (~V∗|K∗)
P (~V|K)

(73)

can be obtained from page 720 in Green’s RJMCMC paper (Green, 1995):

P =
(bj+1 − b†j)(b

†
j − bj−1)

(bj+1 − bj)(bj − bj−1)
(74)

If the changepoint set B is empty (K = 1), the re-allocation move is rejected and the
Markov chain is left unchanged.

(ii) If a changepoint birth move on B = {b1, . . . , bK−1} is proposed, the location
of the new changepoint b† is randomly drawn from a uniform distribution on the
interval [2,m]. The proposal probability for this move is pb,K/(m − 2), where pb,K
is the K-dependent probability of selecting a birth move. The reverse death move,
which is selected with probability pd,K+1, consists in discarding randomly one of the
(K − 1) + 1 = K changepoints in B∗. The inverse proposal probability ratio I in
Eq. (71) is thus given by

I =
pd,K+1 · (m− 2)

pb,K · K
(75)

The prior probability ratio P is given by the expression at the bottom of page 720 in
Green’s RJMCMC paper (Green, 1995) slightly modified to allow for the fact that K
components correspond to K − 1 changepoints in the BGMD model:

P =
P (K + 1)

P (K) · 2K(2(K + 1))

(m− 2)2
· (bj+1 − b†)(b† − bj)

(bj+1 − bj)
(76)
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where bj = max{bi|bi ≤ b†}, bj+1 = min{bi|bi ≥ b†}, and b† is the (proposed) new
changepoint. The proposal probabilities pb,K and pd,K+1 for birth and death moves
have been chosen such that pb,K ·P (K) = pd,K+1 ·P (K+1) so that the ratio pd,K+1/pb,K
in Eq. (75) cancels out against the prior ratio P (K + 1)/P (K) in Eq. (76). Thus, for
birth moves the factor I × P in Eq. (71) simplifies to:

I × P =
2(2K + 1)

(m− 2)
· (bj+1 − b†)(b† − bj)

(bj+1 − bj)
(77)

For K = KMAX the birth of a new changepoint is invalid and the Markov chain is
left unchanged.

(iii) A changepoint death move randomly selects one of the changepoints in B and
proposes to remove the selected changepoint b†. Since the changepoint death move
is the reverse of the birth move, discussed above, it follows that the factor I × P in
Eq. (71) is given by the inverse of Eq. (77) after having substituted K for K − 1:

I × P =
(m− 2)

2(2K − 1)
· (bj+1 − bj)

(bj+1 − b†)(b† − bj)
(78)

where bj = max{bi|bi ≤ b†}, bj+1 = min{bi|bi ≥ b†}, and b† is the changepoint whose
removal is proposed. If the changepoint set B is empty (K = 1), then there is no
changepoint that can be removed, and the Markov chain is left unchanged.

Selected application(s):
Figure 2 in Subsection 2.4 shows a small dynamic network that consists of two nodes
X1 and X2. The following non-linear state-space equations can be used for generating
synthetic data from this network:

X1(t) =
√
1− ε2 ·X1(t− 1) + ε · φ1(t)

X2(t) = β(t) ·X1(t− 1) + c · φ2(t) (79)

where ε ∈ [0, 1], and φ1(2), φ1(3), . . . , φ2(2), φ2(3), . . . are independently and identi-
cally (iid) standard Gaussian distributed variables. The first equation describes an
autoregressive process, {X1(t)}t, and

√
1− ε2 ∈ [0, 1] is the (auto-)correlation be-

tween X1(t − 1) and X1(t) for all t. The autocorrelation does not vary in time, and
the autocorrelation can be tuned straightforwardly by varying ε. E.g. for ε = 1 the
process {X1(t)}t is a white noise process: X1(t) = φ1(t) for all t, and for ε = 0 the
process {X1(t)}t is a constant process X1(t) = X1(t− 1) for all t. Marginally, X1(t)
is standard Gaussian distributed at each time point t. Accordingly, it can be set:
X1(1) ∼ N(0, 1) and X2(1) ∼ N(0, 1).
From the second equation it can be seen that the relationship between X1 and
X2 is implemented as a piece-wise linear function, since the regression coefficient,
β(t), is time-dependent. The noise level can be specified in terms of signal-to-
noise ratios (SNRs). The standard deviation σ(β(t)X1(t)) of the input signals
β(1)X1(1), β(2)X1(2), . . . (before noise injections) can be estimated in advance by
exhaustive data simulations. Having estimated σ(β(t)X1(t)) by the empirical stan-

dard deviation, ̂σ(β(t)X1(t)), from pre-simulated data, c can be computed as follows:

c =
̂σ(β(t)X1(t))

SNR
(80)

where SNR is the desired signal-to-noise ratio. For the study m = 41 data
points were generated, and β(t) was set to 1 for the first (2 ≤ t ≤ 11) and the
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last (32 ≤ t ≤ 41) ten observations, while β(t) was set to −1 for the 20 time
points in between. In the study 9 combinations of ε (ε = 0.5, 0.25, 0.1) and SNR
(SNR = 100, 10, 3) were considered, and 50 independent data sets were generated
for each combination.
The mean AUROC values for assessing the reconstruction for the small network

data, generated as described above, are represented as histograms in Figure 7. In
this study a comparison with the sparse Bayesian regression (SBR) model of Rogers
and Girolami (2005), and the Bayesian state-space model (SSM) of Beal et al. (2005)
was included.30 Fig. 7 shows histograms of the average marginal edge posterior
probabilities of the four possible edges for the synthetic network with N = 2 nodes.
Consistently, for all combinations of ε and SNR the five models under comparison:
BGe (a), SSM (b), SBR (c), BGM (d), and BGMD (e) tend to assign the highest
posterior probability to the true self-loop X1 → X1 and the lowest posterior proba-
bility to the false edge X2 → X1. But only the proposed BGMD model consistently
suppresses the false self-feedback loop X2 → X2 and assigns a higher edge posterior
probability to the true edge X1 → X2. The opposite behavior can be observed for
the models BGe, SSM, and SBR. These three linear models systematically infer a
higher posterior probability for the spurious self-loop X2 → X2 and suppress the
true edge X1 → X2. Obviously, the X2(t)’s tend to exhibit an autocorrelation by
virtue of the autocorrelation of the X1(t)’s and the influence of X1(t) on X2(t + 1).
That is, the stronger the autocorrelation of X1(t) (the lower ε), the stronger the
autocorrelation of X2(t). The three linear models BGe, SSM, and SBR cannot
approximate the non-linear relationship between X1(t) and X2(t+ 1). Consequently,
they systematically infer the ’second-best’ explanation of the X2(t) data: explaining
the realizations of the X2(t)’s via a direct modeling of the autocorrelation between
the X2(t)’s themselves. Like the proposed BGMD model the original BGM model
from Subsection 3.3.2, in principle, can approximate the relationship between X1 and
X2 by piece-wise linear functions. However, additional studies in the original paper
(Grzegorczyk et al., 2011) revealed that the approximation is less effective, especially
if the autocorrelation of X1(.) is strong. Therefore, the posterior probabilities change
in favor for the spurious feedback loop X2 → X2 with decreasing parameter ε.
Finally, for ε = 0.1 (strong autocorrelation) BGM turns out to be as ineffective as
the three linear models BGe, SSM, and SBR.
In another study two gene expression time series from Arabidopsis thaliana were used
for evaluating the dynamic variant (BGMD) of the BGM Bayesian network model.
The Arabidopsis thaliana cells were sampled at m = 13 × 2 hour time intervals with
Affymetrix microarray chips. The expressions were measured twice independently
under experimentally generated constant light condition, but differed with respect to
the pre-histories. In the first experimental scenario, T20, the plants were entrained in
a 10h:10h light/dark-cycle, while the plants in the second experimental setting, T28,
were entrained in 14h:14h light/dark-cycle. The analysis focuses on N = 9 genes,
namely LHY, CCA1, TOC1, ELF4, ELF3, GI, PRR9, PRR5, and PRR3, which
are known to be involved in circadian regulation (Salome and McClung (2004) and
Más (2008)). From the graphical representation of the connectivity structures in
Figure 8 it can be seen that both Bayesian network models BGM and BGMD infer
a two-stage process for these two Arabidopsis thaliana gene expression time series.
The two stages are likely to be related to the diurnal nature of the dark-light cycle

30Note that like the standard Gaussian BGe model for Bayesian networks both approaches: SBR
and SSM are linear models, and the goal was to investigate to what extent the non-linear modeling
capability of the BGM Bayesian network model (from Subsection 3.3.2) and the BGMD Bayesian
network model leads to an improvement when applied to time series of a non-homogeneous nature.
Both models SBR and SSM were implemented as described in Rogers and Girolami (2005) and Beal
et al. (2005), respectively. For the computational analysis and inference, the authors’ own MATLAB
programs were used, as referenced in their original publications.
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(a) Bayesian network with BGe
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(b) State space model (SSM)
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(c) Sparse Bayesian regression (SBR)
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(d) Bayesian network with BGM
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(e) Bayesian network with BGMD

Figure 7: Marginal edge scores for synthetic data with N=2 nodes. Each
panel is laid out as a matrix, where rows and columns correspond to different autocor-
relation parameters ε (rows) and signal-to-noise ratios SNR (columns). The figures
show histograms of the inferred marginal edge scores, averaged over 50 independent
data instantiations, as inferred with BGe (a), SSM (b), SBR (c), BGM (d), and
BGMD (e). The four bars represent the four possible edges: Left: self-loop X1 → X1

(true); center left: X1 → X2 (true); center right: self-loop X2 → X2 (false); right:
X2 → X1 (false). Note that edge scores refer to marginal edge posterior probabilities
in panels (a), (d), and (e). For the state space model (SSM) in panel (b), edge scores
are the average absolute values of the posterior expectation of the interaction matrix
elements defined in Eq. (8) of Beal et al. (2005). For the sparse Bayesian regression
approach (SBR) the iterative non-linear maximization algorithm described in Rogers
and Girolami (2005) has been repeated 100 times independently (with different ini-
tializations) for each single data set and the edge scores are given by the fractions of
non-zero regression coefficients.
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Figure 8: Heat maps. Arabidopsis data. Graphical heat map representations of
the temporal connectivity structures for the two Arabidopsis thaliana time series T20

and T28. Top row: Heat matrices for experiments T20 (top left) and T28 (top right)
inferred with the BGM model from Subsection 3.3.2. Bottom row: Heat matrices for
experiments T20 (bottom left) and T28 (bottom right) inferred with the novel BGMD

model. In both Bayesian networks models self-feedback loops, such as X → X,
were excluded and it was ensured that both MCMC samplers converged; see original
publications (Grzegorczyk et al., 2010) for all details on the MCMC simulation lengths
and the hyperparameter settings. Each heat map indicates the posterior probability
of two time points being assigned to the same compartment (component/segment).
The probabilities are represented by a grey shading, where white corresponds to a
probability of 1, and black corresponds to a probability of 0. The numbers on the
axes represent the time points of the time course experiment.
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influencing the circadian genes and are therefore biologically plausible. The plants
were subjected to different pre-histories, related to different lengths of the artificial,
experimentally controlled light-dark cycle. The plants in experimental scenario T28

were entrained in an increased day length of 14 hours light followed by 14 hours
darkness and in experiment T20 the plants were entrained in a decreased day length of
10 hours light followed by 10 hours darkness. As an effect of these two entrainments
a phase shift in the gene regulatory processes between these two experiments was
expected (Grzegorczyk et al., 2008). The heat maps in the top row of Figure 8 show
that the BGM Bayesian network model from Subsection 3.3.2 infers a certain trend
for a phase shift of the changepoint (subjective day to subjective night) of about
4-6 hours as a consequence of the increased day length. A comparison of panel (a)
and panel (b) in Figure 8 reveals that the connected blocks (compartments) of the
time series are shifted along the diagonal by 2-3 time points (4-6 hours). From the
bottom row of Figure 8 it can be seen that the novel BGMD model infers the same
trend but with a stronger separation score between these two biologically plausible
compartments.31

31The BGMD model is based on changepoints so that compartments once left cannot be re-visited.
Therefore – different from the BGM model described in Subsection 3.3.2 – the BGMD model has to
allocate the last time points (t9, . . . , t13) of time series T28 to an additional third component, since
the first compartment (t2, t3) cannot be re-used after the transition to the second compartment
(t4, . . . , t8).
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3.3.4 Modeling non-homogeneous Bayesian networks with node-specific
changepoints via Reversible Jump Markov Chain Monte Carlo

• ORIGINAL PUBLICATION: Grzegorczyk, M. and Husmeier, D.
(2009) Non-stationary continuous Bayesian networks. In: Proceedings of the
Twenty-Third Annual Conference on Neural Information Processing Systems
(NIPS2009), Bengio et al. (eds.), Curran Associates, 682-690.

Summary:
The objective of research was to generalize the BGMD model from Subsection 3.3.3.
A substantially greater model flexibility for dynamic Bayesian networks can be
reached when the data segmentation is done individually for each single network
node rather than assuming the same temporal segmentation for all network nodes.
That is, instead of assuming one single multiple changepoint process with change-
points that are common to all nodes, the novel model, which was referred to as
the changepoint BGe (cpBGe) Bayesian network model in the original publication
(Grzegorczyk and Husmeier, 2009c), employs node-specific rather than network-wide
changepoints. In the novel cpBGe Bayesian network model there is an independent
multiple changepoint process for each individual network node. The application of
the cpBGe model to gene expression time series from circadian clock-regulated genes
in Arabidopsis thaliana leads to a plausible data segmentation, and the reconstructed
Arabidopsis thaliana network shows features that are consistent with the biological
literature. A precursor of the original publication (Grzegorczyk and Husmeier,
2009c) was presented at the conference on Pattern Recognition in Bioinformatics
2009 in Sheffield, England, and appeared in the conference proceedings (Grzegorczyk
and Husmeier, 2009a).
Finally, it should be noted that the original focus of research was on using the
concept of node-specific free allocation models to generalize the BGM model from
Subsection 3.3.2. Using node-specific mixture models rather than node-specific
changepoint processes would result in a proper non-linear rather than in a highly-
flexible non-homogeneous Bayesian network model, namely the cpBGe model,
presented here. While the algorithmic implementation of a generalized mixture
BGM Bayesian network model is straightforward, the increased complexity of the
latent variable configuration space – practically – turned out to introduce additional
challenges for the mixing and convergence properties of the Markov Chain Monte
Carlo (MCMC) sampling scheme. Since these problems could not be solved yet, so
far only a generalization of the changepoint BGMD model from Subsection 3.3.3 has
been developed.

Motivation:
In many applications in systems biology the assumption of homogeneous gene regu-
latory processes is questionable, and models, such as the BGMD Bayesian network
model, presented in Subsection 3.3.3, which can deal with non-homogeneities appear
to be more appropriate than the standard homogeneous Bayesian network model for
discovering the regulatory interactions from data. But the BGMD is based on the
assumption that there are temporal changepoints at which all regulatory relationships
of the network (i.e. all network parameter distributions) change. That is, only the
network structure (the graph topology) is kept fixed among segments and allows for
some information sharing, while the distributions of all network parameters have to
be inferred independently for each segment. For many practical applications it seems
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to be more realistic to assume that only the regulation of certain genes will change
over time, and furthermore there may be different changepoint locations for different
genes. That is, the changepoints may vary from gene to gene, and in particular,
for short time series, the assumption that changepoints are always network-wide, i.e.
always apply to all nodes, is therefore to restrictive. This restriction can lead to an
immense loss of information, since the observations of each single gene, including those
genes whose regulation does not vary over time, will be segmented according to those
network-wide changepoints. This yields very short uninformative data segments, from
which the distributions of the network parameters cannot be inferred properly. The
motivation of the cpBGe model, presented here, is to avoid this information loss by
using an independent multiple changepoint process for each individual gene.

The mathematical model:
To obtain a non-homogenous dynamic Bayesian network with node-specific change-
points, Eqns. (58-61) from Subsection 3.3.2 have to be generalized. Given the N -by-
m data matrix, D, of temporal observations, where Dn,t and Dπn,t are the realiza-

tions of Xn and πn at time point t, a latent allocation matrix, V = (~V1, . . . , ~VN ),

whose columns are node-specific allocation vectors, ~Vn, is used to allocate the obser-
vations of each node, Xn, individually to Kn segments. The numbers of segments
required for the individual nodes, Kn (n = 1, . . . , N), can be summarized as a vector:
~K = (K1, . . . ,Kn)

T . The n-th column, ~Vn, of V is the allocation vector for node Xn,

and ~Vn(t) = k means that the t-th observation of Xn, Dn,t, is allocated to the k-th
segment (n = 1, . . . , N ; and k = 1, . . . ,Kn). In the novel cpBGe model the joint

posterior probability of a graph, G, the numbers of mixture components in ~K, and
the allocation matrix, V, factorizes as follows:

P (G, ~K,V|D) = P (G, ~K,V,D)
P (D) ∝ P (G, ~K,V,D) = P (~K,V)P (G)P (D|G,V, ~K) (81)

In the cpBGe model it is assumed that the pairs (~Vn,Kn) (n = 1, . . . , N) are inde-
pendently and identically (iid) distributed:

P (V, ~K) =
N∏

n=1

P (~Vn,Kn) =
N∏

n=1

P (~Vn|Kn)P (Kn) (82)

For the prior probability distributions, P (Kn), on the node-specific numbers of seg-
ments, Kn, iid truncated Poisson distributions with shape parameter λ = 1, re-
stricted to 1 ≤ Kn ≤ KMAX , can be chosen (n = 1, . . . , N). The prior distributions,

P (~Vn|Kn), on the node-specific allocation vectors, ~Vn, conditional on the number
of segments, Kn, can be implicitly defined via a node-specific multiple changepoint
process. That is, as described in Subsection 3.3.3, Kn segments are identified with
Kn−1 changepoints: bn,1, . . . , bn,Kn−1 on the continuous interval [2,m], and ~Vn(t) = k
if bn,k−1 ≤ t < bn,k, where bn,0 = 2 and bn,Kn

= m. The node-specific changepoints,
bn,1, . . . , bn,Kn−1, are again assumed to be distributed as the even-numbered order
statistics of Ln := 2(Kn − 1) + 1 points un,1, . . . , un,L uniformly and independently
distributed on the interval [2,m]. See Subsection 3.3.3 for more details on the multi-
ple changepoint process from Green (1995).
For a fixed set of parameters θ the likelihood of the model is given by:

P (D|G,V, ~K,θ) =
N∏

n=1

Kn∏

k=1

∏

t:~Vn(t)=k

P (Xn = Dn,t|πn = Dπn,t−1,θ
k
n) (83)

where G = {π1, . . . , πN} is the graph and θk
n (n = 1, . . . , N ; and k = 1, . . . ,Kn) is

the node- and segment-specific parameter vector. Since ~Vn(t) = k indicates that the
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realization of node Xn at time point t has been generated by the k-th segment of
a segmentation with Kn compartments, the latent matrix, V, divides the data into
several disjoined subsets, each of which can be regarded as pertaining to a separate
BGe model with parameters θk

n. Since the vectors, ~Vn, are node-specific, i.e. different
nodes are modeled with different changepoint sets, the cpBGe model has a higher
flexibility in modeling non-homogeneous regulatory relationships than the BGMD

model from Subsection 3.3.3. From Eq. (83) it follows that the marginal likelihood is
given by:

P (D|G,V, ~K)=
∫

P (D|G,V, ~K,θ)P (θ|G)dθ =

N∏

n=1

Kn∏

k=1

Ψ(Dπn,(~Vn,k)
n ) (84)

Ψ(Dπn,(~Vn,k)
n )=

∫ ∏

t:~Vn(t)=k

P (Xn = Dn,t|πn = Dπn,t−1,θ
k
n)P (θk

n|πn)dθ
k
n (85)

whereDπn,(~Vn,k)
n denotes the data subset, {(Dn,t,Dπn,t−1) :

~V(t) = k}, consisting of all
observations, Dn,t and Dπn,t−1, allocated to the k-th component by ~Vn (n = 1, . . . , N ;
and 1 ≤ k ≤ Kn). For each node, Xn (n = 1, . . . , N), and each node-specific segment,

k (k = 1, . . . ,Kn), the Ψ(Dπn,(~Vn,k)
n ) term can be computed in closed-form when one of

the standard Bayesian network models (e.g. the BGe model) is used. If no observation

is allocated to the k-th component, symbolically Dπn,(~Vn,k)
n = ∅, then Ψ(Dπn,(~Vn,k)

n )
is equal to 1. Eq. (85) is similar to Eq. (61) from Subsection 3.3.3 except that the
allocation has become node-specific.

Inference:
The MCMC sampling scheme for the cpBGe model can be obtained by slightly mod-
ifying the sampling scheme for the BGMD model, described in Subsection 3.3.3. It
just has to be taken into account that the changepoints and allocation vectors in the
cpBGe model are node-specific. A sample, [Gi,Vi, ~Ki]i=1,...,T , from the joint poste-

rior distribution, P (G,V, ~K|D), given in Eq. (81) can be obtained by combining the
structure MCMC sampling scheme from Subsection 2.6 with moves that change the
vector, ~K, and the latent allocation matrix, V, via node-specific changepoint birth,
changepoint death and changepoint re-allocation moves. That is, in each MCMC step
either a structure MCMC single-edge-operation on the graph, G, is performed while
the allocation matrix, V, and the vector, ~K, are left unchanged, or the move leaves the
graph, G, unchanged and proposes to change [V, ~K] by a node-specific changepoint
move.
If the graph prior, P (G), in Eq. (83) can also be factorized: P (G) =

∏N
n=1 P (πn),

where G = {π1, . . . , πN}, so that the local distributions, P (πn) (n = 1, . . . , N), are in-
dependent, then inference can be done independently for each single node Xn. Thus,
different from the BGMD model, where one single allocation vector applies to all
nodes, the cpBGe model allows for parallel computing. This can be seen when insert-
ing Eqns. (82) and (84) as well as the factorization of P (G) into Eq. (83):

P (G,V, ~K|D) ∝
N∏

n=1

(
P (πn)P (~Vn|Kn)P (Kn)

Kn∏

k=1

Ψ(Dπn,(~Vn,k)
n )

)
(86)

where G = {π1, . . . , πN}, V = (~V1, . . . , ~VN ), and ~K = (K1, . . . ,KN )T . If follows from
Eq. (86) that for each node, Xn, its parent set, πn, its number of segments, Kn, and its

allocation vector, ~Vn, can be sampled according to Xn’s contribution to the posterior
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distribution:

P (πn, ~Vn,Kn|D) ∝ P (πn)P (~Vn|Kn)P (Kn)

Kn∏

k=1

Ψ(Dπn,(~Vn,k)
n ) (87)

Independently for each node Xn a sample,
{
[πni

,Kni
, ~Vni

]
}
i=1,...,T

, can be obtained

by sampling according to Eq. (87). And these node-specific samples of length T

can be combined to a sample
{
[Gi,Vi, ~Ki]

}
i=1,...,T

from the posterior distribution in

Eq. (86): For i = 1, . . . , T the graph can be built from the individual parent node

sets, Gi := {π1i , . . . , πNi
}, the allocation matrix, Vi, is given by Vi := (~V1i , . . . , ~VNi

),

and ~Ki := (K1i , . . . ,KNi
)T .

To recapitulate this important feature of the cpBGe model: the node-specific sam-

ples
{
[πni

,Kni
, ~Vni

]
}
i=1,...,T

can be generated in parallel rather than sequentially. If

inference would be done sequentially, then in each MCMC step one single node, Xn,
had to be randomly selected and a move on its parent set, πn, or a move on its allo-
cation vector, ~Vn, and number of segments, Kn, would be performed. Assuming that
parallel computing is utilized, then independently for each node, Xn, a new sample,{
[πni

,Kni
, ~Vni

]
}
, from Eq. (87) can be generated as follows: Given the current state

of the Markov chain, [πn, ~Vn,Kn], with probability p = 0.5 a structure MCMC move is

performed and a new parent set, π∗n, is proposed while ~Vn and Kn are left unchanged.
The new parent set is randomly chosen from the system N (πn) of neighboring parent
sets that can be reached from the current set, πn, by adding one single node to πn

or removing one single node from πn. The acceptance probability for the move from
[πn, ~Vn,Kn] to [π∗n,

~Vn,Kn] is given by A = min{1, R}, where

R =
P (π∗n,Kn, ~Vn|D)
P (πn,Kn, ~Vn|D)

· |N (πn)|
|N (π∗n)|

=
P (π∗n)

∏Kn

k=1 Ψ(Dπ∗n,(
~Vn,k)

n )

P (πn)
∏Kn

k=1 Ψ(Dπn,(~Vn,k)
n )

· |N (πn)|
|N (π∗n)|

(88)

where the Ψ(.) terms have been specified in Eq. (85), and |.| is the cardinality operator.
With probability 1 − p = 0.5 the parent set πn is left unchanged and a move on
the changepoint set Bn of node Xn is performed. The node-specific changepoint set,
Bn = {bn,1, . . . , bn,Kn−1}, consists ofKn−1 changepoints, from which the node-specific

allocation vector ~Vn can be extracted: ~Vn = V(Bn). The node-specific changepoint
birth move adds one new changepoint to Bn, the node-specific changepoint death move
removes one changepoint from Bn, and the node-specific changepoint reallocation
move substitutes one single changepoint in Bn for a new one. The three move types
can be selected with probabilities that depend on Kn: pb,Kn

(for a birth), pd,Kn
(for a

death), and pr,Kn
(for a re-allocation) move; see Eq. (70) for details. All three moves

give a new changepoint set, B∗n, from which the new allocation vector, ~V∗n = V(B∗n),
can be extracted, while the new number of segments is given by K∗n = |B∗n|+ 1.

The acceptance probability for a move from [πn,Kn, ~Vn] to [πn,K∗n, ~V∗n] is of the
following form:

A = min



1,

∏K∗n
k=1 Ψ(Dπn,(~V

∗
n,k)

n )
∏Kn

k=1 Ψ(Dπn,(~Vn,k)
n )

× In × Pn



 (89)

where Pn is the prior probability ratio, and In is the inverse proposal probability
ratio. The exact form of the factors, In × Pn, depends on the move type. Deriving
the factor, In × Pn, as in Subsection 3.3.3 for the BGMD model, yields for the three
node-specific changepoint moves:
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(i) For a node-specific changepoint re-allocation, one changepoint bn,j ∈ Bn =
{bn,1, . . . , bn,Kn−1} is randomly selected and removed. Subsequently, the replace-

ment changepoint b†n,j is drawn from a uniform distribution on [bn,j−1, bn,j+1] where
bn,0 = 2 and bn,Kn

= m. The factor In × Pn in Eq. (89) is then equal to:

In × Pn =
(bn,j+1 − b†n,j)(b

†
n,j − bn,j−1)

(bn,j+1 − bj)(bn,j − bn,j−1)
(90)

If there is no changepoint in Bn, the move is rejected and the Markov chain is left
unchanged.

(ii) If a node-specific changepoint birth move on Bn = {bn,1, . . . , bn,Kn−1} is proposed,
the location of the new changepoint b†n is randomly drawn from a uniform distribution
on [2,m]. The proposal probability for this move is pb,Kn

/(m− 2). The reverse death
move is selected with probability pd,Kn+1 and consists in discarding randomly one of
the Kn changepoints in B∗n. The factor In × Pn in Eq. (71) is then given by:

In × Pn =
2(2Kn + 1)

(m− 2)
· (bn,j+1 − b†n)(b

†
n − bn,j)

(bn,j+1 − bn,j)
(91)

where bn,j = max{bn,i|bn,i ≤ b†n}, and bn,j+1 = min{bn,i|bn,i ≥ b†n}. For Kn = KMAX

the birth of a new changepoint is invalid and the Markov chain is left unchanged.

(iii) A node-specific changepoint death move randomly selects one of the changepoints
in Bn and proposes to remove the selected changepoint, b†n. As the changepoint death
move is the reverse of the birth move (ii), the factor In × Pn in Eq. (71) is given by:

In × Pn =
(m− 2)

2(2Kn − 1)
· (bn,j+1 − bn,j)

(bn,j+1 − b†n)(b
†
n − bn,j)

(92)

where bn,j = max{bn,i|bn,i ≤ b†n}, bn,j+1 = min{bn,i|bn,i ≥ b†n}, and b†n is the
changepoint, whose removal is proposed. For Kn = 1 there is no changepoint in Bn
that could be removed, and the Markov chain is left unchanged.

Selected application(s):
The cpBGe model was applied to microarray gene expression time series related to the
study of circadian regulation in plants. Arabidopsis thaliana seedlings, grown under
artificially controlled Te-hour-light/Te-hour-dark cycles, were transferred to constant
light and harvested at 13 time points in τ -hour intervals. From these seedlings, RNA
was extracted and assayed on Affymetrix GeneChip oligonucleotide arrays.32 Four
time series, which differed with respect to the pre-experiment entrainment condition
and the time intervals: Te ∈ {10h, 12h, 14h} and τ ∈ {2h, 4h}, were combined.33 The
focus of the analysis was on 9 circadian genes: LHY, TOC1, CCA1, ELF4, ELF3, GI,
PRR9, PRR5, and PRR3, that are involved in circadian regulation. Having combined
all four time series into a single set, the objective was to test whether the proposed
cpBGe model would detect the different experimental phases.34 The top panel of Fig-
ure 9 shows the marginal posterior probability of a changepoint for two selected genes

32The data were background-corrected and normalized according to standard procedures. RMA
rather than GCRMA was used for reasons discussed in Lim et al. (2007).

33The data and more detailed information about the experimental protocols, can be obtained from
Kieron et al. (2006), Mockler et al. (2007), and Grzegorczyk et al. (2008).

34Since the gene expression values at the first time point of a time series segment have no relation
with the expression values at the last time point of the preceding segment, the corresponding bound-
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(LHY and TOC1), and averaged over all genes. It is seen that the three concate-
nation points are clearly detected. There is a slight difference between the heights
of the posterior probability peaks for LHY and TOC1. This behavior is also cap-
tured by the co-allocation matrices in the bottom row of Figure 9. This deviation
indicates that the two genes are effected by the changing experimental conditions (en-
trainment, time interval) in different ways and thus provides a useful tool for further
exploratory analysis. The bottom right panel of Figure 9 shows the extracted gene
interaction network that is predicted when keeping all edges with marginal posterior
probability above 0.5. There are two groups of genes. Empty circles in the figure
represent morning genes (i.e. genes whose expression peaks in the morning), shaded
circles represent evening genes (i.e. genes whose expression peaks in the evening).
There are several directed edges pointing from the group of morning genes to the
evening genes, mostly originating from gene CCA1. This result is consistent with
the findings in McClung (2006), where the morning genes were found to activate the
evening genes, with CCA1 being a central regulator. The reconstructed network also
contains edges pointing into the opposite direction, from the evening genes back to
the morning genes. This finding is also consistent with McClung (2006), where the
evening genes were found to inhibit the morning genes via a negative feedback loop.
In the reconstructed network, the connectivity within the group of evening genes is
sparser than within the group of morning genes. This finding is consistent with the
fact that following the light-dark cycle entrainment, the experiments were carried
out in constant-light condition, resulting in a higher activity of the morning genes
overall. Within the group of evening genes, the reconstructed network contains an
edge between GI and TOC1. This interaction has been confirmed in Locke et al.
(2005). Hence while a proper evaluation of the reconstruction accuracy is currently
unfeasible – like Robinson and Hartemink (2009) and many related studies, there is
no gold-standard owing to the unknown nature of the true interaction network – the
study suggests that the essential features of the reconstructed network are biologically
plausible and consistent with the literature.

ary time points were appropriately removed from the data. A proper mathematical treatment can
be found in the original publication (Grzegorczyk and Husmeier, 2009c). This ensures that for all
pairs of consecutive time points a proper conditional dependence relation determined by the nature
of the regulatory cellular processes is given.
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Figure 9: Results on the Arabidopsis gene expression time series. Top panels:
Average posterior probabilities (vertical axis) of transition times (horizontal axis) for
two selected circadian genes (left: LHY, center: TOC1) and averaged over all 9
genes (right). The vertical dotted lines indicate the boundaries of the time series
segments, which are related to different entrainment conditions and time intervals.
Bottom left and center panels: Co-allocation matrices for the two selected genes
LHY and TOC1. The axes represent time. The gray shading indicates the posterior
probability of two time points being assigned to the same mixture component, ranging
from 0 (black) to 1 (white). Bottom right panel: Predicted regulatory network of
nine circadian genes in Arabidopsis thaliana. Empty circles represent morning genes.
Shaded circles represent evening genes. Edges indicate predicted interactions with a
marginal posterior probability greater than 0.5.
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3.3.5 Modeling non-homogeneous Bayesian networks with node-specific
changepoints via Gibbs sampling including dynamic programming
for sampling changepoint configurations

• ORIGINAL PUBLICATION: Grzegorczyk, M. and Husmeier, D. (2011)
Non-homogeneous dynamic Bayesian networks for continuous data. Machine
Learning, 83(3), 355-419.

Summary:
The objective of research was to improve the inference for the cpBGe model from
Subsection 3.3.4. Mixing and convergence of the MCMC sampling scheme, discussed
in Subsection 3.3.4, can be very slow if the posterior landscape is highly peaked, and
considerable efforts have been invested into improving mixing and convergence. It
was found that the computational complexity can be substantially reduced by apply-
ing dynamic programming schemes, with which changepoints are sampled from the
proper conditional distribution within a Gibbs sampling scheme, rather than pursu-
ing Metropolis-Hastings MCMC inference based on birth, death, and re-allocation
moves for individual changepoints. In the context of Bayesian mixture models two
alternative dynamic programming schemes, based on different prior distributions for
the changepoint processes, were presented by Fearnhead (2006). It was explored how
to adopt these two schemes for the MCMC inference for the cpBGe Bayesian network
model, and the performances of different Gibbs sampling variants were compared. For
synthetic data sets and for data from Arabidopsis thaliana it could be shown that the
computational costs, associated with MCMC inference for the cpBGe model, are dras-
tically reduced when the novel Gibbs sampling schemes rather than the RJMCMC
sampler from Subsection 3.3.4 is applied.

Motivation:
To sample from the posterior distribution, e.g. to sample from P (G,V, ~K|D) in
Eq. (81), all previous studies on non-homogeneous Bayesian networks (e.g. Robinson
and Hartemink (2009), Grzegorczyk and Husmeier (2009c), Lèbre et al. (2010), and
Grzegorczyk et al. (2011)) follow the same procedure: to sample the network, G, they
follow Madigan and York (1995) and apply the Metropolis-Hastings (MH) structure
MCMC sampling scheme, based on single-edge operations; to sample the latent vari-
ables, [(V, ~K)], they follow Green (1995) and apply Reversible Jump Markov Chain
Monte Carlo (RJMCMC), based on changepoint birth, death, and reallocation moves.
The objective of research in Grzegorczyk and Husmeier (2011b) was to develop Gibbs
sampling schemes as alternatives to the RJMCMC sampling scheme. In Grzegor-
czyk and Husmeier (2011b) the advantage of the novel Gibbs sampling schemes was
demonstrated for the non-homogeneous cpBGe Bayesian network model from Subsec-
tion 3.3.4, as one representative of the class of non-homogeneous Bayesian network
models. The posterior distribution of the cpBGe model can be factorized according
to Eq. (86):

P (G,V, ~K|D) ∝
N∏

n=1

(
P (πn)P (~Vn|Kn)P (Kn)

Kn∏

k=1

Ψ(Dπn,(~Vn,k)
n )

)
(93)
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where G = {π1, . . . , πN}, V = (~V1, . . . , ~VN ), and ~K = (K1, . . . ,KN )T . The goal is to
infer the node-specific contributions to the posterior distribution:

P (πn, ~Vn,Kn|D) ∝ P (πn)P (~Vn|Kn)P (Kn)

Kn∏

k=1

Ψ(Dπn,(~Vn,k)
n ) (94)

for each individual node Xn (n = 1, . . . , N) independently.
In the context of Bayesian mixture models, Fearnhead (2006) applies changepoint
processes, for which changepoints occur at discrete time points, and Fearnhead con-
siders two different priors for the numbers and locations of changepoints. These priors
will be presented here in the context of node-specific changepoints:
(P1) The first prior is based on a Poisson prior P (Kn) for the number of seg-
ments, Kn, and then a conditional prior on the positions of the Kn − 1 changepoints,
Bn = {bn,1, . . . , bn,Kn−1}, where it is assumed that the changepoints, bn,1, . . . , bn,Kn−1,
are distributed as the even-numbered order statistics of Ln := 2(Kn − 1) + 1
points un,1, . . . , un,L uniformly and independently distributed on the discrete set

{2 . . . ,m − 1}. With ~Vn = V(Bn) being the allocation vector implied by Bn, mathe-

matically ~Vn(t) = k if bn,k−1 < t ≤ bn,k, where bn,0 = 1 is a pseudo changepoint. This

corresponds to the prior distributions P (Kn) and P (~Vn|Kn) from Subsection 3.3.4,
except that a discrete rather than a continuous changepoint process is used.35 In
a pre-study on the cpBGe model (Grzegorczyk and Husmeier, 2011b) it was found
that convergence and mixing of the original RJMCMC sampling scheme from Sub-
section 3.3.4 is approximately identical for the discrete variant and the continuous
variant of the even-numbered order statistics prior for P (~Vn|Kn).
(P2) The second prior is obtained from a point process on the positive and negative
integers. The point process is specified by the probability mass function for the time
between two successive points, for which a natural choice is the negative binomial
distribution. The choice of this prior immediately imposes a prior distribution on
the changepoint set, Bn, and the vector of latent variables, ~Vn = V(Bn), without

any conditioning on the number of segments, Kn, symbolically: P (~Vn|Kn)→ P (~Vn).
Hence, the terms Kn in Eq. (87) and Eq. (94) become obsolete:

P (πn, ~Vn|D) ∝ P (πn)P (~Vn)
Kn∏

k=1

Ψ(Dπn,(~Vn,k)
n ) (95)

where Kn = |Vn(m)| = |Bn| + 1, and m is the number of observations (columns) of
the time series (data set), D.
Given a Bayesian mixture model for which the latent variables are of the form of one
of the two changepoint processes, discussed above, and the parameters can be inte-
grated out in the (marginal) likelihood, as in Eqns. (84-85), Fearnhead (2006) shows
that the changepoint set can be sampled from the proper posterior distribution ex-
actly, with a dynamic programming scheme. To rephrase this: the changepoints can
be sampled from the correct distribution directly, and no RJMCMC scheme (based
on single changepoint moves, such as birth and death moves) with potential mixing
and convergence problems is required. The computational complexity of this scheme
is quadratic in the number of observations m.
The research idea was to adopt these two dynamic programming schemes for the non-
homogeneous cpBGe dynamic Bayesian network model from Subsection 3.3.4. The

35The application of the corresponding dynamic programming scheme works with a discrete
changepoint process only, since a closed form expression for P (~Vn|Kn) is required; see original
publication for details (Grzegorczyk and Husmeier, 2011b). The continuous changepoint process,

which was originally employed for modeling P (~V|K) in the BGMD model (see Subsection 3.3.3) and

P (~Vn|Kn) in the cpBGe model (see Subsection 3.3.4), cannot be used here, as it does not yield a
closed form expression.
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essential difference between the study in Fearnhead (2006) and the study in Grze-
gorczyk and Husmeier (2011b), presented here, is the following one: For the mixture
models studied by Fearnhead (2006), the conditional distributions only depend on
the hyperparameters of the mixture model. These hyperparameters typically span
a low-dimensional space, and even if they are slightly out of tune, the conditional
distribution of the changepoints is usually not affected drastically. This allows the
application of a computational trick based on sampling many changepoint configu-
rations from the same conditional distribution at reduced computational costs (of
additive rather than multiplicative complexity in the number of samples), and then
correcting for the mismatch between the hyperparameters by the application of the
Metropolis-Hastings acceptance criterion; see Fearnhead (2006) for details. In the
work presented here (Grzegorczyk and Husmeier, 2011b), the conditional distribu-
tions also depend on the network topology, G, and thus, changing the network has a
considerable impact on the conditional distributions so that the computational trick
referred to above is no longer applicable. The implication is that the dynamic pro-
gramming scheme comes with substantial computational overheads when applied for
the cpBGe model, and it was therefore not clear from the outset whether it achieves
any improvement over the RJMCMC scheme from Subsection 3.3.4.
However, the empirical evaluation revealed that the computational costs can be dras-
tically reduced when the novel Gibbs sampling schemes rather than the RJMCMC
sampler from Subsection 3.3.4 are applied for the cpBGe model. In particular, the
study also revealed that the point process prior (P2) yields a faster converging Gibbs
sampler than the prior (P1), whose continuous variant was originally used for the
cpBGe model; see Subsection 3.3.4. Therefore, only the mathematical details of the
dynamic programming scheme for the point process prior (P2) will be described in
this subsection. The mathematical details for the alternative dynamic programming
scheme, based on the prior (P1), can be found in the original publication (Grzegorczyk
and Husmeier, 2011b).

The mathematical model:
Mathematically, the cpBGe model has been described in detail in Subsection 3.3.4.
Here, in principle, the same model is considered, but the prior P (~Vn|Kn)P (Kn) is
substituted for a point process prior, which indirectly specifies a joint prior on the
number and positions of the changepoints. That is, instead of modeling P (Kn) ex-

plicitly, and the allocation vectors, ~Vn, conditional on Kn, a point process prior is
used to model the distances between successive changepoints. By adopting this point
process prior the dynamic programming scheme becomes conceptually simpler and
computationally much more efficient. This slightly modified version of the cpBGe
model will therefore also be referred to as the improved cpBGe model.
In the point process model g(t) (t = 1, 2, 3, . . .) denotes the prior probability that
there are t time points between two successive changepoints bn,j−1 and bn,j on the
discrete interval {2, . . . ,m− 1}. The prior probability of a complete changepoint set,
Bn = {bn,1, . . . , bn,Kn−1}, with bn,j − bn,j−1 > 0, bn,1 ≥ 2 and bn,Kn

≤ m− 1 is:

P (Bn) = g0(bn,1 − bn,0)



Kn−1∏

j=2

g(bn,j − bn,j−1)


 (1−G(bn,Kn

− bn,Kn−1)) (96)

where bn,0 = 1 and bn,Kn
= m are pseudo changepoints, g0(.) is the prior distribution

of the first changepoint, bn,1, and

G(t) =
t∑

s=1

g(t); G0(t) =
t∑

s=1

g0(t) (97)
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are the cumulative distribution functions corresponding to g(.) and g0(.). For g(.)
the probability mass function of the negative binomial distribution, NBIN(p,k), with
parameters p ∈ [0, 1] and k ∈ N can be used:36

g(t) =

(
t− 1
k − 1

)
pk(1− p)t−k (t = 1, 2, 3, . . .) (98)

In a point process model on the positive and negative integers the probability mass
function of the first changepoint, bn,1 ∈ {2, . . . ,m − 1}, is a mixture of k negative
binomial distributions:

g0(bn,1) =
1

k

k∑

i=1

(
(bn,1 − 1)− 1

i− 1

)
pi(1− p)(bn,1−1)−i (99)

Different from the continuous changepoint process, where segments can be empty and
different changepoint sets, Bn, can give the same allocation vector, Vn = V(Bn), the
discrete point process prior avoids empty components and gives a one-to-one mapping
between allocation vectors and changepoints: For t = 2, . . . ,m and the changepoint
set Bn = {bn,1, . . . , bn,Kn−1} it holds: bn,k−1 < t ≤ bn,k ⇔ ~Vn(t) = k. Hence, in

addition to the notation ~Vn = V(Bn), it can also be written Bn = V−1(~Vn). Because
of this isomorphism, the slightly modified cpBGe model can directly be formulated in
terms of changepoint sets, Bn, rather than in terms of latent allocation vectors, ~Vn.
To this end, let Dπn

n denote the set of observations, {(Dn,i,Dπn,i−1) : 2 ≤ i ≤ m},
pertaining to node Xn and its parent node set, πn, and accordingly let Dπn

n [s : t]
denote the segment {(Dn,i,Dπn,i−1) : s ≤ i ≤ t} of adjacent observations. The local
score of each data subset, Dπn

n [s : t], is then

Ψ(Dπn
n [s : t]) =

∫ t∏

i=s

P
(
Xn = Dn,i|πn = Dπn,i−1,θn

)
P (θn|πn)dθn (100)

and can be computed in closed-form, when a standard Bayesian network model is
used. Instead of the allocation matrix, V, the corresponding system of changepoint
sets, B = {Bn|n = 1, . . . , N}, which contains a changepoint set, Bn, for each node,
Xn, can be employed for the definition of the slightly modified cpBGe model. That
is, as there is a one-to-one mapping between the allocation matrix, V, and the system
of changepoint sets, B, the original representation:

P (πn, ~Vn|D) = P (πn)P (~Vn)
Kn∏

k=1

Ψ(Dπn,(~Vn,k)
n ) (101)

can be substituted for the following isomorphic representation:

P (πn,Bn|D) ∝ P (πn)P (Bn)
Kn∏

j=1

Ψ(Dπn
n [(bn,j−1 + 1) : bn,j ]) (102)

where Bn = V−1(~Vn) is the changepoint set that yields the allocation vector ~Vn, the
Ψ(.) terms have been specified in Eq. (100), the prior probability P (Bn) was defined
in Eq. (96), and bn,0 = 1 and bn,Kn

= m are two pseudo changepoints. For each node
Xn (n = 1, . . . , N) its contribution to the joint posterior distribution:

P (G,B|D) ∝
N∏

n=1

P (πn)P (Bn)
Kn∏

j=1

Ψ(Dπn
n [(bn,j−1 + 1) : bn,j ]) (103)

36Note that the negative binomial distribution can be seen as a discrete version of the Gamma
distribution.
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is given in Eq. (102).

Inference:
(i) Sampling parent sets, πn, conditional on a fixed changepoint set, Bn:
The structure MCMC sampling scheme from Subsection 2.6 is based on single-edge
operations, and various studies, e.g. those in Friedman and Koller (2003) and Grze-
gorczyk and Husmeier (2008), have shown that the proposal scheme of the structure
MCMC sampler leads to poor convergence and mixing, since simulations tend to
get stuck in local optima. The RJMCMC sampling scheme for the cpBGe model,
described in Subsection 3.3.4, infers graphs with the structure MCMC sampler and
thus it is likely that the graph inference is suboptimal in terms of convergence. For
standard homogeneous dynamic Bayesian networks an improvement can be achieved
by sampling new parent sets π⋆

n for each node Xn directly from the following (local)
posterior distribution:

P (π⋆
n|D) =

Ψ(Dπ⋆
n

n )P (π⋆
n)∑

πn:|πn|≤F
Ψ(Dπn

n )P (πn)
(104)

where the Ψ(.)-scores of the standard (homogeneous) dynamic Bayesian network have
been specified in Eq. (22), and the sum is over all valid parent node sets πn subject
to a fan-in restriction, F , on the cardinality, |πn|, symbolically: |πn| ≤ F . For
standard (homogeneous) dynamic Bayesian networks the local posterior distributions
in Eq. (104) can be pre-computed and stored for each node Xn so that sampling
parent sets from Eq. (104) tends to be computationally cheaper than sampling with
the structure MCMC sampler, which is based on single edge operations. In the cpBGe
model the parent node sets, π⋆

n, have to be sampled conditional on the changepoint
set, Bn, and the counterpart of Eq. (104) is given by:

P (π⋆
n|Bn,D) =

P (π⋆
n)
∏Kn

j=1 Ψ(Dπ⋆
n

n [(bn,j−1 + 1) : bn,j ])
∑

πn:|πn|≤F
P (πn)

∏Kn

j=1 Ψ(Dπn
n [(bn,j−1 + 1) : bn,j ])

(105)

where Kn = |Bn|+1 is the number of segments, and the Ψ(.) terms have been specified
in Eq. (100). Combing this sampling scheme for parent sets, π⋆

n, with changepoint
birth, death, and reallocation moves is computationally expensive, since the distribu-
tion in Eq. (105) has to be re-computed after each single changepoint move from Bn
to B⋆n. The bottleneck becomes obvious when taking into consideration that the three
changepoint moves give relatively small steps in the configuration space of the possi-
ble changepoint sets, {Bn}, so that a large amount of re-computation of Eq. (105) is
required. But when combining this sampling scheme with a dynamic programming
scheme for sampling changepoint sets, Bn, directly from the conditional posterior
distribution, P (Bn|πn,D), the stepwise re-computation of Eq. (105) becomes compu-
tationally efficient. A dynamic programming scheme for sampling from P (Bn|πn,D)
will be described next.

(ii) Sampling changepoint sets, Bn, conditional on a fixed parent set, πn:
Let Q(t|n, πn) denote the probability of the observations Dn,t:m := {Dn,t, . . . ,Dn,m}
of node Xn given Xn’s parent set, πn, the parental observations, Dπn,(t−1):(m−1) :=

{Dπn,t−1, . . . ,Dπn,m−1}, and a changepoint, b†, at time point t− 1 (t = 2, . . . ,m):

Q(t|n, πn) = P (Dn,t:m|Dπn,(t−1):(m−1), b
† = t− 1) (106)

Q(t|n, πn) can be computed by marginalizing over all possible changepoint subsets
after the given changepoint, b† = t − 1. E.g. for t = 2 the given changepoint,
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b† = t− 1, corresponds to the pseudo changepoint, bn,0 = 1, so that the condition on
b† can be neglected:

Q(2|n, πn) = P (Dn,2:m|Dπn,1:(m−1)) (107)

=
∑

Bn

P (Bn)
Kn∏

j=1

Ψ(Dπn
n [(bn,j−1 + 1) : bn,j ])

where the sum is over all possible changepoint sets, Bn = {bn,1, . . . , bn,Kn−1}, that
divide the data, {(Dn,i,Dπn,i−1) : 2 ≤ i ≤ m}, pertaining to node Xn and its parent
set πn, into Kn ∈ {1, . . . ,m − 2} disjunct segments, {Dπn

n [(bn,j−1 + 1) : bn,j ] : j =
1, . . . ,Kn}, and P (Bn) was defined in Eq. (96).37

For t = m there is a changepoint given at b† = m−1, and there cannot be any further
(real) changepoints after m− 1 so that

Q(m|n, πn) = P (Dn,m:m|Dπn,(m−1):(m−1), b† = m− 1) = Ψ(Dπn
n [m : m]) (108)

and Ψ(Dπn
n [m : m]) can be computed in closed form with Eq. (100).

For t = 3, . . . ,m − 1 a recursion can be used for the computation of the Q(t|n, πn)
terms:

Q(t|n, πn) =

(
m−1∑

s=t

Ψ(Dπn
n [t : s])Q(s+ 1|n, πn)g(s+ 1− t)

)

+Ψ(Dπn
n [t : m])(1−G(m− t)) (109)

and

Q(2|n, πn) =

(
m−1∑

s=2

Ψ(Dπn
n [2 : s])Q(s+ 1|n, πn)g0(s− 1)

)

+Ψ(Dπn
n [2 : m])(1−G0(m− 2)) (110)

where Ψ(Dπn
n )[2 : m] = Ψ(Dπn

n ), and G0(t) =
∑t

s=1 g0(s). The proof of these relation-
ships can be found in the original publication (Grzegorczyk and Husmeier, 2011b).
Having computed these probabilities, Q(t|n, πn) (t = 2 . . . ,m), via the recursion in
Eqns. (109-110), another recursion38 can be set up to sample a set of changepoints,
Bn = {bn,1, . . . , bn,Kn−1}, from the correct posterior distribution:

P (Bn|πn,D) =
P (Bn)

∏Kn

j=1 Ψ(Dπn
n [(bn,j−1 + 1) : bn,j ])

Q(2|n, πn)
(111)

where bn,0 = 1, and Q(2|n, πn) was defined in Eq. (107) and can be computed with
Eqns. (109-110).
The posterior distribution of the first changepoint, bn,1, given the parent set, πn, is:

P (bn,1 = t|πn,Dπn
n ) = Ψ(Dπn

n [2 : t])Q(t+ 1|n, πn)
g0(t)

Q(2|n, πn)
(112)

(t = 2, . . . ,m− 1) and the probability of no changepoint, P (Kn = 1), is given by:

P (Kn = 1|πn,Dπn
n ) = Ψ(Dπn

n [2 : m])
1−G0(m− 2)

Q(2|n, πn)
(113)

37The number of segments, Kn, varies between 1 and m − 1, where Kn = 1 means that there is
no changepoint, Bn = ∅, and the upper bound is given by Kn = m− 1, as there can be up to m− 2
changepoints in between the two pseudo changepoints bn,0 = 1 and bn,Kn

= m.
38Details on how to derive the second recursion can also be found in the original publication.
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where G0(.) was defined in Eq. (97), and [1 − G0(m − 2)] is the prior probability of
the absence of any changepoint.39

The posterior distribution of the j-th changepoint, bn,j , given the parent node set,
πn, and the previous changepoint, bn,j−1 = s, is:

Pt := P (bn,j = t|bn,j−1 = s,Dπn
n )

= Ψ(Dπn
n [(s+ 1) : t])Q(t+ 1|n, πn)

g(t− s)

Q(s+ 1|n, πn)
(114)

for t = bn,j−1+1, . . . ,m− 1. Thus, given a changepoint at bn,j−1 = s, the location of
the next changepoint can be sampled from the discrete mass probability distribution
[Ps+1, . . . , Pm−1, P∇(s)] where P∇(s) is the probability for no further changepoints:

P∇(s) := Ψ(Dπn
n [(s+ 1) : m])

1−G0(m− s− 1)

Q(s+ 1|n, πn)
(115)

Having sampled the complete changepoint set, Bn = {bn,1, . . . , bn,k−1}, from these
conditional distributions, the number of segments is Kn = k.
As a summary: The dynamic programming algorithm consists of two steps. In a
first sweep through the data, the function Q(t|n, πn) is computed from Eqns. (109-
110). This function is then used in Eqns. (114-115), where in a second sweep
through the data the changepoint set, Bn, is sampled from the conditional distri-
bution P (Bn|πn,D). The computational complexity is quadratic in the length of the
time series, O(m2). A sequence of changepoints, Bn, uniquely determines the number

of changepoints, Kn = |Bn|+ 1, and the allocation vector, ~Vn = V(Bn), since the two
representations are isomorphic.

(iii) Sampling graphs, G, and a system of node-specific changepoint sets,
B, from the joint posterior distribution, P (G,B|D), given in Eq. (103):
For each node, Xn, the parent node set, πn, can be sampled conditional on the
changepoint set, Bn, from the conditional posterior distribution, P (πn|Bn,D), given
in Eq. (105), and a dynamic programming scheme can be used for each node Xn

for sampling changepoint sets Bn conditional on the parent set, πn, from the condi-
tional posterior distribution, P (Bn|πn,D), when a slightly modified prior distribution
for the numbers and locations of changepoints is used. Bringing these two results
together, a Gibbs MCMC sampling scheme for sampling from the joint posterior dis-
tribution, P (πn,Bn|D), can be constructed by iteratively sampling from the two ”full
conditional distributions”: P (πn|Bn,D) and P (Bn|πn,D). Using this Gibbs sam-
pling schemes independently for each node Xn (n = 1, . . . , N) gives node-specific
samples, {(πni

,Bni
) : i = 1, . . . , T}, from Eq. (95), which can be merged into a sam-

ple, {(Gi,Bi) : i = 1, . . . , T}, from the joint posterior distribution, P (G,B|D), in
Eq. (103), symbolically: Bi := {B1i , . . . ,BNi

}, and Gi := {π1i , . . . , πNi
}. The two

sampling steps of the Gibbs samplers are computationally more expensive than the
corresponding Metropolis-Hastings moves. On the other hand, the combined sam-
pling scheme yields larger steps at acceptance probability 1 in both the parent node
set and the allocation vector configuration spaces so that convergence can be reached
in fewer MCMC steps.

Selected application(s):
To assess the improvement in convergence and mixing achieved with the Gibbs sam-
pling/dynamic programming schemes the merged Arabidopsis thaliana gene expres-

39Recall that for a dynamic Bayesian network with time lag τ = 1 and a time series of length m,
there are m− 2 possible changepoint locations, the first one being at position t = 2, and the last one
at position t = m− 1.
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Figure 10: Convergence diagnostics for four different sampling schemes
for the cpBGe Bayesian network model. The graphs show the proportion of
edges for which the PSRF lies below the indicated threshold, satisfying the respec-
tive convergence criterion. The horizontal axes represent simulation time, measured
in terms of the equivalent number of MH/RJMCMC steps. Four MCMC sampling
schemes for the cpBGe model from Subsections 3.3.4 and 3.3.5 are compared: The
standard MH/RJMCMC approach described in Subsection 3.3.4, and three variants
of the Gibbs sampling/dynamic programming scheme described in this subsection.
Gibbs(Kmax = 10) and Gibbs(Kmax = 5) employ a Poisson prior with truncation
threshold Kmax for the number of components, and use the discrete version of the
even-numbered order statistics prior (conditional on the number of components) for
the changepoint locations. The Gibbs-NBIN sampler follows Fearnhead (2006) and
uses the prior imposed by the point process prior of Eq. (96) for the changepoint sets.

sion time series40, described in Subsection 3.3.4, was re-analyzed with four different
MCMC sampling schemes: (i) The standard Metropolis Hastings (MH) RJMCMC
scheme (MH/RJMCMC), as described in Subsection 3.3.4 except that the discrete
(P1) rather than the continuous even-numbered order statistics prior was used, and
(ii)-(iv): three variants of the Gibbs sampling/dynamic programming scheme. The
three Gibbs sampling schemes differ with respect to the prior distribution on the
changepoints. The first Gibbs sampling scheme (ii), referred to as Gibbs(Kmax = 10),
imposes a Poisson prior with truncation threshold Kn ≤ 10 on the number of com-
ponents, P (Kn), and the discrete variant of the even-numbered order statistics prior

(P1) is imposed on the segmentations, P (~Vn|Kn). The second Gibbs sampling scheme
(iii), referred to as Gibbs(Kmax = 5), is identical to the Gibbs sampling scheme (ii),
except that the truncation threshold has been lowered to Kn ≤ 5. The third Gibbs
sampling scheme (iv), referred to as Gibbs-NBIN, uses the prior (P2), imposed by
the point process prior of Eq. (96), with hyperparameters p = 0.05 and k = 2 and
was described in detail in this subsection.
To assess the degree of convergence, for each scheme (i)-(iv) five independent MCMC
simulations with different initializations were performed and potential scale reduction
factors (PSRFs) were computed for all potential edges, as described in Subsection 2.7.
As convergence criterion the fraction of individual edges whose PSRF was lower than
a pre-specified threshold was then used to assess convergence.41 Due to different com-
putational costs of the individual steps of the four sampling schemes – a Gibbs step

40The focus was on reverse-engineering a network consisting of 9 circadian genes: LHY, TOC1,
CCA1, ELF4, ELF3, GI, PRR9, PRR5, and PRR3. Four time series, which differed with respect
to the pre-experiment entrainment condition and the measured time intervals, were combined to
one single time series. Boundary time points were appropriately removed to ensure for all pairs of
consecutive time points that a proper conditional dependence relation is given. See Subsection 3.3.4
for a more detailed description.

41Recall that PSRF=1 indicates perfect convergence, and PSRF≤1.1 is usually taken as an indi-
cation of sufficient convergence.
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based on dynamic programming is substantially more expensive than a RJMCMC
step – the PSRF scores were plotted against the simulation time, measured in terms
of conventional RJMCMC steps.42

The results are shown in Figure 10. The three Gibbs sampling schemes based on dy-
namic programming significantly outperform the conventional RJMCMC sampling
scheme (MH/RJMCMC). When comparing the three different dynamic program-
ming schemes, Gibbs-NBIN performs slightly better than Gibbs(Kmax = 10) and
Gibbs(Kmax = 5), in agreement with empirical results for Bayesian mixture models
in Fearnhead (2006).

421100k RJMCMC (5500 Gibbs-NBIN) steps take 45 min with MATLAB code on a SunFire
X4100M2 machine with MAD Opteron 2224 SE dual-core processor.
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3.3.6 Regularization between Bayesian network models with network-
wide and node-specific changepoints

• ORIGINAL PUBLICATION: Grzegorczyk, M. and Husmeier, D. (2011)
Improvements in the reconstruction of time-varying networks: dynamic pro-
gramming and regularization by information sharing among genes. Bioinfor-
matics, 27(5), 693-699.

Summary:
Various different non-homogeneous dynamic Bayesian network models have been pro-
posed and applied in the literature, and these models can be divided into two classes
according to whether changepoints are common to the whole network (class 1 ), or
varying from node to node (class 2 ). The approach of class 1, pursued in Grzegor-
czyk et al. (2008), Robinson and Hartemink (2009), and Grzegorczyk et al. (2011), is
over-restrictive, as it does not allow for individual nodes to be affected by changing
processes in different ways.43 The approach of class 2, pursued in Grzegorczyk and
Husmeier (2009c), Lèbre (2007), and Lèbre et al. (2010) is potentially over-flexible,
as it does not provide any information sharing among the nodes. When an organism
undergoes transitional changes, e.g. morphogenic transitions during embryogenesis,
from larva to pupa or from pupa to adult fly in Drosophila, one would expect the
majority of genes to be affected by these transitions in identical ways. However, there
is no mechanism in the fully flexible model that incorporates this prior notion of com-
monality. The objective of research was therefore to explore a Bayesian clustering
scheme akin to the weight sharing principle in neural computation (Nowlan and Hin-
ton, 1992), by which nodes are assigned to clusters that are characterized by common
changepoints. It has been demonstrated on synthetic data that this regularization
scheme subsumes the aforementioned approaches as limiting cases, and that it auto-
matically identifies the right trade-off between them in a data-driven manner. Finally,
it has been demonstrated for gene expression profiles from a synthetically designed
Saccharomyces cerevisiae strain under switching carbon metabolism that this regular-
ization scheme yields a novel dynamic Bayesian network model that outperforms two
alternative established network reconstruction methods from the biology literature.

Motivation:
The non-homogeneous BGMD Bayesian network model, described in Subsection 3.3.3,
is based on changepoints that are common to the whole network, i.e. the changepoints
are network-wide and apply to all nodes. It has therefore been argued in Subsec-
tion 3.3.4 that the cpBGe Bayesian network model, which possesses node-specific
changepoints, is more flexible and superior to the BGMD model. But on the other
hand, the cpBGe model may be potentially over-flexible, since there is no informa-
tion sharing among nodes. That is, even if all nodes in the network share the same
changepoints, these changepoints have to be inferred independently for each single
node; especially for short time series (sparse data) the more flexible cpBGe model
approach is then suboptimal too.
The research idea was to develop a novel Bayesian network model that regularizes
between network-wide and node-specific changepoints; i.e. to develop a model that

43Changepoints in Robinson and Hartemink (2009) apply, in the first instance, to the whole net-
work (class 1 ), with changepoints that render parent configurations invariant removed for the re-
spective nodes. While this imbues the model with aspects of a class 2 approach, it suffers from the
fact that changepoints are inextricably associated with changes in the presence/absence status of
interactions, rather than changes in the interaction strengths, resulting in a loss of model flexibility.
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regularizes between the BGMD and the cpBGe model. The novel model uses a rel-
atively simple Bayesian clustering scheme to subdivide the nodes into clusters and
infers an independent changepoint set for each cluster of genes; all genes in a cluster
share the same changepoints. Effectively, the novel model can be seen as a general-
ization of both models: BGMD and cpBGe: It corresponds to the BGMD model from
Subsection 3.3.3 if there is only one single cluster that contains all nodes, as all genes
share the same network-wide changepoints of this single cluster then. And the novel
model corresponds to the cpBGe model from Subsection 3.3.4 and Subsection 3.3.5 if
every single node possesses its own cluster, as cluster-specific changepoints are then
effectively node-specific. Following the Bayesian paradigm the network, the clusters
of genes and the cluster-specific changepoint sets are sampled from the posterior dis-
tribution using a mixture of Gibbs sampling and Metropolis-Hastings sampling steps.

The mathematical model:
The improved (slightly modified) cpBGe model from Subsection 3.3.5 can be extened
by introducing a cluster function, C(.), that allocates the nodes X1, . . . , XN to c̃
(1 ≤ c̃ ≤ N) non-empty clusters, each characterized by its own changepoint set BCc
(1 ≤ c ≤ c̃).44 Let C(n) = c indicate that the n-th node, Xn, is allocated to cluster
c (n = 1, . . . , N ; and 1 ≤ c ≤ c̃). Hence, for C(n) = c the changepoint set for the
observations of node Xn is given by: BCC(n) = BCc , and all nodes Xn with C(n) = c

(n = 1, . . . , N) share this changepoint set, BCc . As explained in Subsection 3.3.5, there
is an isomorphism between changepoint sets and allocation vectors if a point process
prior for the cluster-specific changepoint locations is employed. Hence, the novel
model could also be formulated in terms of cluster-specific allocation vectors ~VCc , as
done in the original publication (Grzegorczyk and Husmeier, 2011a). ~VCc (t) = k would
then indicate that the t-th observations of all those nodes in cluster c are allocated
to the k-th (cluster-specific) segment (t = 2, . . . ,m; and k = 1, . . . ,Kc). The cluster-

specific changepoint set, BCc = {bc,1, . . . , bc,Kc−1}, could then be extracted from ~VCc :
~VCc (t) = k ⇔ bc,j−1 < t ≤ bc,j , where bc,0 = 1 and bc,Kn

= m are two pseudo change-
points.
The changepoint sets for the c̃ clusters, induced by the cluster function, C(.), can
be summarized as a system of changepoint sets, BC = {BC1 , . . . ,BCc̃ }, where the car-
dinality of BC is identical to the number of clusters, c̃, induced by C(.). The joint
probability distribution for the novel model, which might be referred to as the regu-
larized cpBGe model, is given by:

P (G, C,BC ,D) = P (C)P (BC |C)P (G)P (D|G, C,BC) (116)

= P (C)
(

c̃∏

c=1

P (BCc )
)
P (G)P (D|C,BC ,G)

where BC = {BC1 , . . . ,BCc̃ }, and c̃ is the number of non-empty node clusters induced by
C. For the prior distribution P(C) a uniform distribution on all clustering functions
that give non-empty clusters can be used. It can be seen from Eq. (116) that the
prior distributions P (BCc ) (c = 1, . . . , c̃) on the cluster-specific changepoint sets are
assumed to be independent and identical. As for the modified cpBGe model from
Subsections 3.3.5 these distributions can be specified via point process models on the

44The upper index C is added to avoid confusion. For the novel model BCc denotes the cluster-

specific changepoint set for the nodes in the c-th cluster, while Bn was used in Subsection 3.3.4 and
Subsection 3.3.5 to denote the node-specific changepoint set for the n-th node in the (improved)
cpBGe model.
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positive and negative integers. This yields for c = 1, . . . , c̃:

P (BCc ) = g0(bc,1)



Kc−1∏

j=2

g(bc,j − bc,j−1)


 (1−G(bc,Kc

− bc,Kc−1)) (117)

where BCc = {bc,1, . . . , bc,Kc−1}, and the functions g(.), G(.), and g0(.) have been
specified in Eqns. (97-99).
Different from the cpBGe model, nodes that are in the same cluster c (1 ≤ c ≤ c̃)
share the same changepoint set, BCc , and will therefore be ”penalized” only once via
P (BCc ), defined in Eq. (117).45 Hence, the novel regularized cpBGe model encourages
information sharing among nodes with respect to changepoint locations.
The marginal likelihood P (D|C,BC ,G) is given by:

P (D|C,BC ,G) =
N∏

n=1

KC(n)∏

k=1

Ψ(Dπn
n [(bC(n),k−1 + 1) : bC(n),k]) (118)

where C : {1, . . . , N} → {1, . . . , c̃} is the cluster function, Kc = |BCc |+1 is the number
of segments for the nodes in cluster c (c = 1, . . . , c̃), Dπn

n [(bc,k−1 + 1) : bc,k]) is the
subset of adjacent observations, {(Dn,i,Dπn,i−1) : bc,k−1 + 1 ≤ i ≤ bc,k}, pertaining
to node Xn and its parent set, πn, and bc,k−1 and bc,k are the (k− 1)-th and the k-th
changepoint in the cluster-specific set, BCc . The node- and segment-specific proba-
bilities Ψ(Dπn

n [(bc,k−1 + 1) : bc,k]) in Eq. (118) can be computed independently and
in closed-form for each node Xn (n = 1, . . . , N) and each segment k (k = 1, . . . ,Kc)
with one of the standard Bayesian network models; e.g. the Gaussian BGe model.
If the graph prior, P (G), can also be factorized, P (G) =

∏N
n=1 P (πn), the poste-

rior probability distribution, P (G,BC , C|D), of the novel regularized cpBGe model is
proportional to:

P (G,BC , C|D) ∝
(

c̃∏

c=1

P (BCc )
)

N∏

n=1

P (πn)

KC(n)∏

k=1

Ψ(Dπn
n [(bC(n),k−1 + 1) : bC(n),k]) (119)

For a clustering function C(.) that yields c̃ = N non-empty clusters, and therefore
a one-to-one mapping between clusters and nodes, e.g. C(n) = n (n = 1, . . . , N),
Eq. (119) is exactly identical to the posterior distribution of the (slightly modified)
cpBGe model, given in Eq. (103). This can be seen when defining node-specific
changepoint sets as follows: Bn := BCC(n) (n = 1, . . . , N) and re-writing Eq. (119):

P (G,BC , C|D) ∝
(

c̃∏

c=1

P (BCc )
)

N∏

n=1

P (πn)

KC(n)∏

k=1

Ψ(Dπn
n [(bC(n),k−1 + 1) : bC(n),k])

=

(
N∏

n=1

P (Bn)
)

N∏

n=1

P (πn)

Kn∏

k=1

Ψ(Dπn
n [(bn,k−1 + 1) : bn,k])

=

N∏

n=1

P (πn)P (Bn)
Kn∏

k=1

Ψ(Dπn
n [(bn,k−1 + 1) : bn,k])

On the other hand, for a clustering function C(.) that clusters all nodes into one
single cluster, c̃ = 1 and C(n) = 1 (n = 1, . . . , N), there is only one single set
of changepoints, BC1 = {b1,1, . . . , b1,K1−1}, that applies to all nodes, and it can be

45Rather than ”penalizing” the changepoints for each individual node Xn (n = 1, . . . , N) inde-
pendently via P (Bn), defined in Eq. (96), even if there are nodes Xi and Xj (i 6= j) with exactly
identical changepoint sets, symbolically Bi = Bj .
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defined B := {b1, . . . , bK−1} where K := K1 and bk := b1,k (k = 1, . . . ,K− 1), so that
B = BC1 and Eq. (119) becomes:

P (G,BC , C|D) ∝
(

c̃∏

c=1

P (BCc )
)

N∏

n=1

P (πn)

KC(n)∏

k=1

Ψ(Dπn
n [(bC(n),k−1 + 1) : bC(n),k])

= P (BC1 )
N∏

n=1

P (πn)

K1∏

k=1

Ψ(Dπn
n [(b1,k−1 + 1) : b1,k])

= P (B)
N∏

n=1

P (πn)

K∏

k=1

Ψ(Dπn
n [(bk−1 + 1) : bk])

= P (B)
(

N∏

n=1

P (πn)

)(
N∏

n=1

K∏

k=1

Ψ(Dπn
n [(bk−1 + 1) : bk])

)

= P (B)P (G)
K∏

k=1

N∏

n=1

Ψ(Dπn
n [(bk−1 + 1) : bk])

As the point process prior on the changepoint locations yields a one-to-one mapping
between changepoint sets, B = {b1, . . . , bK}, and allocation vectors, ~V, symbolically:
~V(t) = k ⇔ bk−1 < t ≤ bk (t = 2, . . . ,m; and k = 1, . . . ,Kc), this relationship can

also be formulated in terms of the allocation vector, ~V:

P (G,BC , C|D) = P (~V)P (G)
K∏

k=1

N∏

n=1

Ψ(Dπn,(~V,k)
n ) (120)

where ~V = V(B). Eq. (120) is identical to Eq. (69) from Subsection 3.3.3 except
that the original combination of a Poisson prior, P (K), and a changepoint process

prior for P (~V|K) of the original BGMD model has been substituted for a simpler
point process prior on the changepoint set, B, which indirectly specifies the allocation
vector, ~V = V(B), and the number of components, K = |B| + 1, in the regularized
cpBGe model.
Consequently, the novel regularized cpBGe model can actually be seen as a generalized
non-homogeneous Bayesian network model that subsumes both models BGMD and
cpBGe as limiting cases. It corresponds to a slightly modified BGMD model (see
Subsection 3.3.3) for c̃ = 1, and it corresponds to the improved cpBGe model from
Subsection 3.3.5 for c̃ = N . The model complexity tuning in between these two
extremes (c̃ = 1 and c̃ = N) is accomplished by Bayesian clustering and information
sharing among nodes.

Inference:
Sampling from the posterior distribution of the regularized cpBGe model, given
in Eq. (119), can be done by iteratively sampling from the following three ”full)
conditional” distributions: New graphs, G⋆, can be sampled from P (G⋆|C,BC ,D)
(n = 1, . . . , N), new systems of (cluster-specific) changepoint sets, BC⋆ , can be sam-
pled from P (BC⋆ |G, C,D) (c = 1, . . . , c̃), and a Reversible Jump Markov Chain Monte
Carlo (RJMCMC) sampling scheme can be employed for sampling new cluster forma-

tions, C⋆, along with new systems of changepoint sets, BC̃⋆ , from P (C⋆,BC̃⋆ |G, C,BC ,D)
where C is the current cluster formation and BC is the current system of changepoints
sets.

In this section these three sampling steps 1)-3) will be described in more detail.
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Step 1: Sampling a new graph, G⋆, conditional on the current cluster
formation, C, and the current system of cluster-specific changepoints, BC:
Each graph, G, is completely specified by the parent sets, πn, of its nodes Xn (n =
1, . . . , N), symbolically G = {π1, . . . , πN}. Hence, a new graph, G⋆, can be sampled
by sampling new parent sets π⋆

n for each node, Xn, from

P (π⋆
n|BCC(n),D) =

P (π⋆
n)
∏KC(n)

k=1 Ψ(Dπ⋆
n

n [(bC(n),k−1 + 1) : bC(n),k])
∑

πn:|πn|≤F
P (πn)

∏KC(n)

k=1 Ψ(Dπn
n [(bC(n),k−1 + 1) : bC(n),k])

(121)

where BCC(n) = {bC(n),1, . . . , bC(n),KC(n)−1}, KC(n) = |BCC(n)|+1, F is the fan-in restric-

tion on the cardinality of the parent sets, and the Ψ(.) terms have been specified in
Eq. (100) and can be computed in closed form. C(n) is the cluster to which node Xn

is allocated, so that Eq. (121) is identical to Eq. (105) except that the node-specific
changepoint set in Eq. (105) has been substituted for the cluster-specific changepoint
set BCC(n). The new parent sets, π⋆

n (n = 1, . . . , N), can be sampled independently

from Eq. (121), and the composed graph, G⋆ = {π⋆
1 , . . . , π

⋆
N}, has effectively been

sampled from P (G⋆|C,BC ,D).

Step 2: Sampling a new system of changepoint sets, BC⋆ , conditional on the
current graph, G, and the current cluster formation, C:
Each system of changepoint sets, BC , consists of cluster-specific changepoint sets
BCc , symbolically BC = {BC1 , . . . ,BCc̃ }, where c̃ is the number of non-empty node
clusters induced by the cluster formation C. Hence, a new system of changepoint
sets, BC⋆ = {BC1,⋆, . . . ,BCc̃,⋆}, can be sampled by independently sampling a new cluster-

specific changepoint set BCc,⋆ = {b⋆c,1, . . . , b⋆c,K⋆
c−1
} for each cluster c = 1, . . . , c̃ from

P (BCc,⋆|G, C,D) =
P (BCc,⋆)

∏
n:C(n)=c

(∏K⋆
c

k=1 Ψ(Dπn
n [(b⋆c,k−1 + 1) : b⋆c,k])

)

∑
BCc

{
P (BCc )

∏
n:C(n)=c

(∏Kc

k=1 Ψ(Dπn
n [(bc,k−1 + 1) : bc,k])

)}

(122)
where the sum is over all valid changepoint sets BCc = {bc,1, . . . , bc,Kc−1} that divide
the data into Kc = 1, . . . ,m− 1 disjunct segments, the prior probabilities P (BCc ) can
be computed with Eq. (96), and the Ψ(.) terms were specified in Eq. (100).
For each cluster c the new changepoint set, BCc,⋆, can be sampled according to Eq. (122)
with a slightly modified version of the dynamic programming scheme that was de-
veloped for the improved cpBGe model in Subsection 3.3.5. It just has to be taken
into account that the changepoints are sampled for a cluster of nodes rather than
one single node, so that the new changepoint set, BCc,⋆ = {b⋆c,1, . . . , b⋆c,K⋆

c−1
}, is com-

mon to all nodes in cluster c, {Xn : C(n) = c}. Different from Subsection 3.3.5,
let Q(t|c,G, C) therefore denote the probability of the observations for the nodes in
the c-th cluster, {Dn,t:m|n : C(n) = c}, conditional on the corresponding realizations
of their parent sets, {Dπn,(t−1):(m−1)|n : C(n) = c}, and a changepoint b† at time
point t− 1 (t = 2, . . . ,m). For the regularized cpBGe model, the node-specific terms
Ψ(Dπn

n [t : s]) in Eqns. (109-110) just have to be substituted for (cluster-specific)
products ΨC(.) of the (node-specific) Ψ(.) terms:

ΨC(DGc [t : s]) :=
∏

n:C(n)=c

Ψ(Dπn
n [t : s]) (123)

where DGc [t : s]) is the data subset {(Dn,i,Dπn,i−1) : s ≤ i ≤ t, C(n) = c} consisting
of the adjacent observations Dπn

n [t : s] of all nodes in cluster c . The recursion for the
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regularized cpBGe model is then for t = 3, . . . ,m− 1 given by:

Q(t|c,G, C) =

(
m−1∑

s=t

ΨC(DGc [t : s])Q(s+ 1|c,G, C)g(s+ 1− t)

)

+ΨC(DGc [t : m])(1−G(m− t))

and

Q(2|c,G, C) =

(
m−1∑

s=2

{ΨC(DGc [2 : s])}Q(s+ 1|c,G, C)g0(s− 1)

)

+ΨC(DGc [2 : m])(1−G0(m− 2))

where Q(m|c,G, C) = ΨC(DGc [m : m]) was defined as a product in Eq. (123), whose
factors are Ψ(.) terms that can be computed in closed-form with Eq. (100), so that
Q(m|c,G, C) can be used for initialization.
For each cluster, c, the posterior distribution of the first changepoint, b⋆c,1, given the
graph, G, is given by:

P (b⋆c,1 = t|G, C,D) = ΨC(DGc [2 : t])Q(t+ 1|c,G, C) g0(t)

Q(2|c,G, C) (124)

for t = 2, . . . ,m− 1 and the probability of no changepoint is given by:

P (K⋆
c = 1|G, C,D) = ΨC(DGc [2 : m])

1−G0(m− 2)

Q(2|c,G, C) (125)

where G0(.) was defined in Eq. (97).
The posterior distribution of the j-th changepoint, b⋆c,j , for cluster c given the graph,
G, and the previous changepoint b⋆c,j−1 = s is:

Pt := P (b⋆c,j = t|b⋆c,j−1 = s,G, C,D)

= ΨC(DGc [(s+ 1) : t])Q(t+ 1|c,G, C) g(t− s)

Q(s+ 1|c,G, C)
for t = s+ 1, . . . ,m− 1. Therefore, given a changepoint at b⋆c,j−1 = s, the location of
the next changepoint can be sampled from the discrete mass probability distribution
[Ps+1, . . . , Pm−1, P∇(s)] where P∇(s) is the probability for no further changepoints:

P∇(s) := ΨC(DGc [(s+ 1) : m])
1−G0(m− s− 1)

Q(s+ 1|c,G, C) (126)

Sampling sequentially from [Ps+1, . . . , Pm−1, P∇(s)] until there is no further change-
point, yields the new changepoint set, BCc,⋆ = {b⋆c,1, . . . , b⋆c,k−1}.
With regard to the third sampling step, described below, it is important to note that
Q(2|c,G, C) corresponds to the denominator in Eq. (122):

Q(2|c,G, C) =
∑

BCc

P (BCc )
∏

n:C(n)=c

(
Kc∏

k=1

Ψ(Dπn
n [(bc,k−1 + 1) : bc,k])

)

=
∑

BCc

P (BCc )
Kc∏

k=1

ΨC(DGc [(bc,k−1 + 1) : bc,k]) (127)

where the sum is over all valid changepoint sets, BCc = {bc,1, . . . , bc,Kc−1}, that divide
the data into Kc = 1, . . . ,m− 1 disjunct segments. Inserting Eq. (127) and Eq. (123)
into Eq. (122) yields the compact representation:

P (BCc,⋆|G, C,D) =
P (BCc,⋆)

∏K⋆
c

k=1 Ψ
C(DGc [(b⋆c,k−1 + 1) : b⋆c,k])

Q(2|c,G, C) (128)
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where BCc,⋆ = {b⋆c,1, . . . , b⋆c,K⋆
c−1
}. By introducing the new definition:

ΨC(DGc [BCc ]) :=

Kc∏

k=1

ΨC(DGc [(bc,k−1 + 1) : bc,k])

=

Kc∏

k=1

∏

n:C(n)=c

Ψ(Dπn
n [(bc,k−1 + 1) : bc,k])

(129)

the conditional distribution of BCc,⋆ from Eq. (128) and the likelihood of the regularized
cpBGe model, given in Eq. (118), can be re-written more compactly:

P (BCc,⋆|G, C,D) =
P (BCc,⋆)ΨC(DGc [BCc,⋆])

Q(2|c,G, C) (130)

P (D|C,BC ,G) =
c̃∏

c=1

ΨC(DGc [BCc ]) (131)

Step 3: Sampling a new cluster formation, C⋆, along with a new system of
changepoint sets, BC

⋆

⋆ , by a sequence of Metropolis Hastings steps:
For the third step, sampling from P (C⋆,BC⋆⋆ |C,BCG,D), a RJMCMC sampling scheme
based on a sequence of cluster birth (b), death (d), and re-clustering (r) moves can be
used. Sequentially, in each Metropolis Hastings step of the sequence, first, the move
type is chosen randomly; e.g. from a uniform distribution: p(b) = p(d) = p(r) = 1/3.

(i) Let there be c̃ < N non-empty clusters, induced by the current cluster formation
C. In a cluster birth move (b) a cluster c1 that contains at least 2 nodes is randomly
selected, and then one of those nc1 nodes in cluster c1 is randomly chosen. The cluster
birth move tries to re-cluster this node from the c1-th cluster to a new cluster c̃+ 1.
Let C⋆ denote the new cluster formation thus obtained. For the clusters c1 and c̃+1,
implied by the new cluster formation, C⋆, new changepoints sets, BC⋆c1,⋆ and BC⋆c̃+1,⋆,

are sampled from the distributions P (BC⋆c1,⋆|G, C⋆,D) and P (BC⋆c̃+1,⋆|G, C⋆,D), defined
in Eq. (130), with Fearnhead’s dynamic programming scheme; see Step 2 for details.

(ii) Let there be c̃ > 1 non-empty clusters, induced by the current cluster formation
C, including at least one cluster that contains only one single node. In a cluster death
move (d) one of the clusters that contain only one single node is selected, and this
single node is re-allocated to one of the other non-empty clusters, chosen randomly.
The first selected cluster c1 disappears and cluster c2 absorbs the node from cluster
c1. Let C⋆ denote the new cluster formation thus obtained. For the absorbing cluster
c2 a new changepoint set BC⋆c2,⋆ is sampled from P (BC⋆c2,⋆|G, C⋆,D), defined in Eq. (130),
with Fearnhead’s dynamic programming scheme; see Step 2 for details.

(iii) Let there be 1 < c̃ < N non-empty clusters induced by the current cluster
formation C. In a re-clustering move two clusters c1 and c2 (c1 6= c2) are chosen
as follows. First, cluster c1 is randomly selected among those clusters that contain
at least 2 nodes. Next, cluster c2 is randomly selected among the c̃ − 1 remaining
clusters. Afterwards, one of the nodes from cluster c1 is randomly chosen and re-
allocated to cluster c2. Let C⋆ denote the new cluster formation thus obtained. Since
cluster c1 contains at least 2 nodes, this does not affect the number of clusters c̃.
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For both clusters, c1 and c2, new changepoint sets, BC⋆c1,⋆ and BC⋆c2,⋆, are sampled

from P (BC⋆c1,⋆|G, C⋆,D) and P (BC⋆c2,⋆|G, C⋆,D), defined in Eq. (130), with Fearnhead’s
dynamic programming scheme; see Step 2 for details.

The acceptance probabilities of these three RJMCMC moves (i-iii), described above,
are given by the product of the likelihood ratio (LR), the prior ratio (PR), the in-
verse proposal probability ratio or Hastings factor (HR), and the Jacobian (J ) in the
standard way (Green (1995)): A = min{1, R}, where

R = LR× PR×HR× J (132)

Since this is a discrete problem, the Jacobian J is 1 for all three move types, and R
reduces to R = LR×PR×HR. In this thesis only the mathematical details of birth
moves (b) are given and it is referred to the original publication (Grzegorczyk and
Husmeier, 2011a) for cluster death and cluster re-allocation moves.
For each cluster birth move (b), symbolically (C,BC) → (C⋆,BC⋆⋆ ), there is a unique
complementary cluster death move (d), symbolically (C⋆,BC⋆⋆ ) → (C,BC), where
BC = {B1, . . . ,Bc̃}, BC

⋆

⋆ = {B1,⋆, . . . ,Bc̃+1,⋆}, Bc = {bc,1, . . . , bc,Kc
} (c = 1, . . . , c̃),

Bc,⋆ = {b⋆c,1, . . . , b⋆c,K⋆
c
} (c = 1, . . . , c̃ + 1), and Bc,⋆ = Bc for c ∈ {1, . . . , c1 − 1, c1 +

1, . . . , c̃}. Thus, with Eq. (131) it follows for the likelihood ratio:

LR(b) =
P (D|G,BC⋆⋆ , C⋆)
P (D|G,BC , C) =

∏c̃+1
c=1 Ψ

C⋆(DGc [BC
⋆

c,⋆])∏c̃
c=1 Ψ

C(DGc [BCc ])

=
ΨC

⋆

(DGc1 [BC
⋆

c1,⋆]) ·ΨC
⋆

(DGc̃+1[BC
⋆

c̃+1,⋆])

ΨC(DGc1 [BCc1 ])

where the ΨC(DGc [BCc ]) terms were specified in Eq. (129) and can be computed in
closed form.
The prior ratio for birth moves (b) is given by:

PR(b) =
P (C⋆)P (BC

⋆

⋆ )

P (C)P (BC)
=

P (BC
⋆

⋆ )

P (BC)
=

P (BC⋆c1,⋆)P (BC⋆c̃+1,⋆)

P (BCc1)
(133)

since the prior distribution on the cluster formations is assumed to be uniform,
P (C⋆) = P (C), and BCc = BC⋆c,⋆ for c = 1, . . . , c1 − 1, c1 + 1, . . . , c̃.
The Hastings-Ratio depends on the designs of the birth and the complementary death
move, which were both described above: With probability p(b) a birth move is per-

formed, and a cluster c1 out of the set of c† clusters that contain at least 2 nodes
is selected with probability 1/c†. Afterwards, one of the nc1 nodes in cluster c1 is
selected with probability 1/nc1 and moved to a new cluster c̃+ 1. This yields a new
cluster formation C⋆. Finally, new changepoint sets, BC⋆c1,⋆ and BC⋆c̃+1,⋆, are sampled
for both clusters c1 and c̃+1. In the complementary death move, which is performed
with probability p(d), the new ’born’ cluster c̃ + 1 has to be selected out of the c‡

clusters, induced by the new formation C⋆, that contain only one single node. The
node c̃ + 1 is selected with probability 1/c‡, and as the node in cluster c̃ + 1 has to
be moved back to cluster c1, the cluster c1 has to be selected as absorbing cluster.
The cluster c1 is selected with probability 1/c̃ out of the set of all c̃ clusters that were
originally induced by C. Finally, the original changepoint set BCc1 has to be re-sampled
for the absorbing cluster c1. The Hastings-Ratio is therefore given by:

HR(b) =
p(d)(1/c

‡)(1/c̃)P (BCc1 |G,D, C)
p(b)(1/c†)(1/nc1)P (BC⋆c̃+1,⋆|G,D, C⋆)P (BC⋆c1,⋆|G,D, C⋆)

(134)

where c† is the number of clusters induced by C with at least two nodes, nc1 is the
number of nodes in the c1-th cluster (that was selected from those c† clusters), c‡
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is the number of clusters induced by C⋆ that contain only one single node, and c̃
is number of clusters induced by C. The conditional distributions of cluster-specific
changepoint sets were defined in Eq. (130). The factors p(d) and p(b) in HR(b) cancel
out, since each move type was set equally likely: p(d) = p(b) = 1/3. Furthermore, by
inserting Eq. (130), the Hastings ratio can be transformed to:

HR(b) =
c†nc1

c‡c̃

P (BCc1)ΨC(DGc1 [BCc1 ])Q(2|c1,G, C⋆)Q(2|c̃+ 1,G, C⋆)
P (BC⋆c1,⋆)Ψ

C⋆(DGc1 [BC
⋆

c1,⋆])P (BC⋆c̃+1,⋆)Ψ
C⋆(DGc̃+1[BC

⋆

c̃+1,⋆])Q(2|c1,G, C)
(135)

It follows that the product, R(b) = LR(b) × PR(b) ×HR(b), in Eq. (132) reduces to:

R(b) =
c†nc1

c‡c̃

Q(2|c1,G, C⋆)Q(2|c̃+ 1,G, C⋆)
Q(2|c1,G, C)

(136)

The term R(b) and the acceptance probability, A(b) = min{1, R(b)}, for birth moves
can be computed efficiently, since the Q(.) terms in Eq. (136) can be computed with
the dynamic programming scheme of Fearnhead, described in Step 2.
The acceptance probabilities for cluster death (d) and re-clustering (r) moves from
(C,BC) to (C⋆,BC⋆⋆ ), whose designs were described above, can be derived analogously;
see original publication for details (Grzegorczyk and Husmeier, 2011a).

Selected application(s):
The first application is a simulation study that compares the network reconstruc-
tion accuracies of the four Bayesian network models, described in this thesis. (i)
the standard homogeneous dynamic Bayesian network from Subsection 2.5, (ii) the
non-homogeneous BGMD Bayesian network model with network-wide changepoints
from Subsection 3.3.3, (iii) the non-homogeneous cpBGe Bayesian network model
with node-specific changepoints from Subsection 3.3.5, and (iv) the non-homogeneous
regularized cpBGe Bayesian network model with node-cluster-specific changepoints,
described in this subsection. To ensure a fair cross-method comparison, the three
non-homogeneous network models (ii)-(iv) were implemented with the point process
prior, see Eqns. (97-99) in Subsection 3.3.5, and the Gibbs sampling/dynamic pro-
gramming scheme, described in Subsection (3.3.5), was used for model inference.46

Therefore, and also to emphasize that the goal of the simulation study in Grzegorczyk
and Husmeier (2011a) was to compare the generic concepts of network-wide, gene-
specific, and cluster-specific changepoints rather than to compare the performance
of the concrete model instantiations, it will be distinguished between the following
classes of non-homogeneous models: A class 1 non-homogeneous network model pos-
sesses network-wide changepoints (here: represented by the BGMD model), a class 2
model has gene-specific changepoints (here: represented by the cpBGe model), and a
regularized class 2 model regularizes between a class 1 and a class 2 model and pos-
sesses gene-cluster-specific changepoints (here: represented by the regularized cpBGe
model). In the simulation study the network reconstruction accuracy was evaluated
with the area under the precision-recall curve with larger values indicating a better
performance, as explained in Subsection 2.7.
The RAF protein signalling transduction pathway, shown in panel (f) of Figure 11,
plays a pivotal role in the mammalian immune response and has hence been widely
studied in the literature (e.g. Sachs et al. (2005)). For the simulation study, syn-
thetic network data were generated from a slightly modified version of the RAF-
pathway, in which an extra self-feedback loop has been added to node ’PIP3’:

46In consistency with the findings for the cpBGe model, reported in Subsection 3.3.6, the imple-
mentation of the point process prior for the distances between changepoints and the usage of the
corresponding Gibbs sampling scheme turned out to improve convergence and mixing for the BGMD

model inference.
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PIP3(t + 1) =
√
1− ε2PIP3(t) + εφPIP3(t + 1). For the study a moderate au-

tocorrelation (ε = 0.25) was used. The realizations of the other ten nodes are linear
combinations of the realizations of their parents at the preceding time points plus iid
standard GaussianN (0, 1) distributed noise injections. E.g. for ’PIP2’: PIP2(t+1) =
βPIP3(t)PIP3(t)+βPLCG(t)PLCG(t)+ cPIP2φPIP2(t+1), where the variables φ.(.)
are iid standard Gaussian distributed, and the coefficient, cPIP2, can be used to vary
the signal-to-noise ratio (SNR). The regression coefficients, βPIP3 and βPLCG, were
sampled from continuous uniform distributions on the interval [0.5, 2] with a random
sign, and time series of length m = 21 were generated. The noise level can be specified
in terms of signal-to-noise ratios (SNRs). To this end, the standard deviation σPIP2

of the input signals {σ(βPIP3(t)PIP3(t) + βPLCG(t)PLCG(t))|t = 1, . . . , 21} (before
noise injections) can be estimated by exhaustive data simulation. Having estimated
σPIP2 from pre-simulated data, the coefficient cPIP2 can be computed as follows:

cPIP2 =
σPIP2

SNR
(137)

where SNR is the desired signal-to-noise ratio.
In the simulation study it was distinguished between five different scenarios: 1) ho-
mogeneous dynamic Bayesian network (DBN) data with regression coefficients that
are constant in time, e.g. βPIP3(t) = βPIP3 and βPLCG(t) = βPLCG; 2) non-
homogeneous class 1 DBN data where all regression coefficients of the domain are
re-sampled after t = 11; 3) non-homogeneous class 2 DBN data with each node having
1-2 randomly chosen node-specific changepoints, where the corresponding regression
coefficients are re-sampled; 4) non-homogeneous regularized class 2 data generated
from a DBN where the coefficients of five nodes are re-sampled after t = 11, and
the coefficients of the other 5 nodes are re-sampled twice independently, after t = 8
and after t = 13. In addition a fifth scenario was considered: 5) non-homogeneous
regularized data without any autocorrelation (no AC), i.e. ε = 1. Each of the five
scenarios 1)-5) was combined with two signal-to-noise ratios (SNR=3 and SNR=10),
and 10 independent data instantiations were generated for each of the ten combina-
tions, i.e. 100 data sets in total.
The network reconstruction accuracies were quantified with the mean area under the
precision-recall curves (AUC) and the dependence on the hyperparameter p of the
negative binomial point process prior of Eq. (98) was investigated. For the three
non-homogeneous models (ii)-(iv) a low (high) value of the hyperparameter p im-
plies a high (low) prior penalty for changepoints. The variation of p can therefore be
interpreted as the variation of the prior knowledge about the number of underlying
changepoints. Different from the non-homogeneous models (ii)-(iv), the homoge-
neous Bayesian network model (i) does not allow for changepoints and its perfor-
mance is therefore independent of the hyperparameter p. Figure 11 summarizes the
empirical results of the simulation study.

1) Homogeneous data: Except for the highest setting of the hyperparameter p, the
three non-homogeneous dynamic Bayesian network models never perform worse than
the homogeneous DBN model. On the other hand for non-homogeneous data (see
scenarios 2)-5)), the homogeneous model is inappropriate and performs substantially
worse. The superiority of the homogeneous model for the combination p = 0.1 and
SNR=3 demonstrates that the hyperparameter p must be selected carefully; for high
p all three non-homogeneous models tend to infer spurious changepoints and therefore
tend to over-fit the data.
2) Class 1 data: The class 1 model and the proposed regularized class 2 model
perform equally well. Both outperform the class 2 model, except for high values
of p. Since a high value of the hyperparameter p implies a low prior penalty for
changepoints, it appears that the class 1 model with network-wide changepoints can
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Figure 11: Network reconstruction accuracy on synthetic data. The figure
shows the mean area under the precision-recall curves (AUC) in dependence on the
hyperparameter p of the negative binomial point process prior of Eq. (98). For the
RAF pathway (bottom right panel) five scenarios of non-homogeneity were imple-
mented. For each scenario there is a panel for SNR=3 and SNR=10. The data sets
were inferred using the following models each representing one particular class: (i)
homogeneous model: the standard Gaussian DBN model from Subsection 2.4),(ii)
the class 1 BGMD model from Subsection 3.3.3 in a slightly modified version, (iii)
the class 2 cpBGe model from Subsection 3.3.4, implement as described in Subsec-
tion 3.3.5, and (iv) the regularized class 2 model described in this subsection. The
mean Precision-Recall AUC scores were computed from 10 independent data instan-
tiations.
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Figure 12: Network reconstruction accuracy evaluated with synthetic bi-
ology. The center panel shows the true gene regulatory network in Saccharomyces
cerevisiae, designed in Cantone et al. (2009). The outer panels show the precision-
recall curves for the proposed regularized class 2 cpBGe model (NEW). Results were
obtained for both experimental conditions: the “switch on” and the “switch off” time
series described in Cantone et al. (2009). The symbols at fixed positions (triangle,
star and square) mark the precision/recall results reported in Cantone et al. (2009)
for two state-of-the-art network reconstruction methods: BANJO (conventional ho-
mogeneous DBN) and TSNI (ODE based approach).

approximate the node-specific changepoints by setting a higher number of network-
wide changepoints.
3) Class 2 data: The class 1 model cannot accommodate the node-specific change-
points and is outperformed by the proposed regularized class 2 model (the “NEW”
model). Interestingly, the latter also shows more stability than the class 2 model
with respect to a variation of the hyperparameter p, indicating increased robustness
as a consequence of the node clustering.
4) Regularized class 2 data: The results are comparable to those for the class 2
data. The class 1 model is consistently inferior to the class 2 model, and the class
2 model is, once again, substantially more susceptible to a variation of p. The mean
AUC values are – overall – lower than for the previous case, the class 2 data. This
seems to be a consequence of spurious interactions resulting from chance correlations.
5) Regularized class 2 data without autocorrelation: It can be seen that set-
ting the autocorrelation of node PIP3 to zero (ε = 1, no AC), noticeably increases
the mean AUC values compared to those obtained for scenario 4).
In summary, this study shows that the regularized class 2 model, which implements
cluster-specific changepoints and allows for information sharing method is always
among the best-scoring Bayesian network models. The regularized cpBGe model
shows more robustness than the competing DBN models both with respect to a
variation of the type of data, and a variation of the prior knowledge, inherent in
Eqns. (97-99) via the hyperparameter p.

To demonstrate that the regularized cpBGe model, described in this subsection, also
performs well for real-world data it was also applied to gene expression data from
a synthetically designed yeast strain.47 Expression data for a synthetically gener-
ated network of five genes in Saccharomyces cerevisiae (yeast), depicted in Figure 12,
were taken and made available from Cantone et al. (2009). Cantone et al. (2009)
collected data from synthetically designed yeast cells grown with different carbon

47While systems biology aims to develop a formal understanding of biological processes via the
development of quantitative mathematical models, synthetic biology aims to use such models to design
unique biological circuits (synthetic networks) in the cell able to perform specific tasks. Conversely,
data from synthetic biology can be utilized to assess the performance of models from systems biology.
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sources: galactose (“switch on”) or glucose (“switch off”). Quantitative real-time
RT-PCR was used in intervals of 20 minutes up to 5 hours for the first, and in inter-
vals of 10 minutes up to 3 hours for the second condition (see Cantone et al. (2009)
for details). For the study, presented here, the raw data, available from Cantone et al.
(2009), were standardized via a log and a z-score transformation.
Applying the regularized cpBGe model to the data yields marginal edge posterior
probabilities, and for different thresholds on these probabilities the precision and the
recall scores can be computed (see Subsection 2.7). Plotting the precision scores
against the recall scores gives the precision-recall curve shown in Figure 12.48 In
agreement with Cantone et al. (2009) it was found that the “switch on” data are
more informative than their “switch off” counterpart. The scores for two alterna-
tive network reconstruction methods, namely BANJO49 and TSNI50, which could be
taken from Cantone et al. (2009), lie clearly and consistently below the “switch on”
Precision Recall curve, for different choices of the changepoint process prior – defined
by p in Eqns. (97-99). This suggests that the regularized cpBGe model, presented
here, achieves a genuine and significant improvement over state-of-the-art schemes
reported in the recent systems biology literature.

48Larger areas under the Precision Recall curve are indicative of a better reconstruction accuracy.
See Subsection 2.7 and Davis and Goadrich (2006) for details.

49BANJO is the “Bayesian Network Inference with Java Objects” software that was implemented
by the group of Alexander Hartemink (Duke University). BANJO provides various algorithms for
static and dynamic Bayesian networks and has been developed over the years. BANJO employs the
discrete BDe metric for scoring Bayesian networks, and a simulated annealing approach is used for
finding the best scoring network. For example see Smith et al. (2006) for more details on BANJO.

50TSNI is the “Time-Series Network Identification” algorithm (Bansal et al. (2006) and Bansal and
di Bernardo (2007)). The TSNI algorithm is based on ordinary differential equations; see Cantone
et al. (2009) for a detailed description.



90 3 RESEARCH CONTRIBUTIONS



91

4 Discussion and outlook

In Subsection 3.3 several novel non-homogeneous dynamic Bayesian network models,
that have been developed recently, were presented. Compared to standard classical
(homogeneous) Bayesian networks these novel models improve the modeling flexibility,
and for various real-world examples from the topic field of systems biology research it
could be shown that the increased flexibility actually yields a higher network recon-
struction accuracy.
Relaxing the homogeneity assumption in dynamic Bayesian networks is a recent re-
search topic and various authors have proposed relaxing the homogeneity assumption
by complementing the traditional homogeneous dynamic Bayesian network with a
Bayesian multiple changepoint process (e.g. see Robinson and Hartemink (2009),
Lèbre et al. (2010), and Grzegorczyk and Husmeier (2011b) among others). Each
time series segment defined by two demarcating changepoints is associated with sep-
arate node-specific network parameters, and in this way the conditional probability
distributions are allowed to vary from segment to segment. An attractive feature
of this approach is that under certain regularity conditions, most notably parameter
independence and conjugacy of the prior, the parameters can be integrated out in
closed form in the likelihood. The inference task thus reduces to sampling the net-
work structure as well as the number and location of changepoints from the posterior
distribution, which can be effected with Reversible Jump Markov Chain Monte Carlo
(RJMCMC) (Green, 1995), as in Robinson and Hartemink (2009) and Lèbre et al.
(2010), or with dynamic programming (Fearnhead, 2006), as in Grzegorczyk and Hus-
meier (2011b).
In all these non-homogeneous dynamic Bayesian network models the marginal likeli-
hood is computed from a typically uninformative parameter prior that is the same for
all time series segments. These models ignore the fact that many systems, such as reg-
ulatory processes and signalling pathways in the cell, evolve gradually. For example,
consider the cellular processes during an organism’s development (morphogenesis) or
its adaptation to changing environmental conditions. The assumption of a homoge-
neous process with constant parameters is obviously over-restrictive in that it fails to
allow for the non-stationary nature of the processes. However, complete parameter
independence is over-flexible in that it ignores the evolutionary aspect of developmen-
tal and adaptation processes. Given a regulatory network at a given time interval in
an organism’s life cycle, it is unrealistic to assume that at an adjacent time interval,
nature has potentially reinvented the regulatory circuits from scratch. Instead, it is
more realistic to assume that cognizance of the interaction strengths at the previous
time interval provides prior knowledge about the interaction strengths at the next
(adjacent) time interval. Currently, ”we”51 are developing another non-homogeneous
dynamic Bayesian network model with node-specific changepoints in which the pa-
rameters associated with separate time series segments are a priori encouraged to be
similar. Avoiding the fallacies of a Bayesian filter, a coupling hyperparameter that is
shared among the segments is introduced and this hyperparameter is itself inferred
from the data in a Bayesian sense. That is, the new approach allows for systematic in-
formation sharing between parameters associated with adjacent time series segments,
and the overall strength of this coupling is controlled by a global hyperparameter.
Simulation studies on non-homogeneous synthetic network data with systematically
evolving network parameters have led to promising results. It could be shown that
incorporating this information sharing scheme into models, such as the cpBGe model

51The manuscript in preparation, entitled ”A Regularized Non-homogeneous Dynamic Bayesian
Network for Applications in Systems and Synthetic Biology” by Marco Grzegorczyk and Dirk Hus-
meier, will be submitted very soon.
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from Subsection 3.3.4 or the model from Lèbre et al. (2010), significantly improves
the network reconstruction accuracy.
However, from a more global perspective, the collection of cellular data for systems
biology is still associated with experimental efforts and financial costs, and thus, the
available data sets tend to be sparse with respect to the experimental replicates (static
steady state data) or lengths of the time series (dynamic data). E.g. gene expres-
sion data can be measured with modern biotechnologies, such as Microarray Gene
Chips, and these technologies enable ”wet-lab” researchers to measure thousands of
genes simultaneously, but usually the number of measurements that are taken is very
small relative to the number of genes that are measured. Consequently, even if the
focus is only on a small subset of the measured genes, the regulatory network be-
tween these genes cannot be modeled in arbitrary detailedness. It is the sparseness of
the available data sets that imposes an upper bound onto the detailedness that can
be reached. In the context of Bayesian network methodology, networks/graphs are
scored in light of the available data and following the Bayesian paradigm the posterior
probability of a network serves as ”scoring metric”. The posterior probability of a
graph is proportional to the marginal likelihood times the graph prior distribution,
symbolically:

P (G|D) ∝ P (D|G)P (G) (138)

as explained in more detail in Section 2.1. Models, such as the BGM model from
Subsection 3.3.2, the BGMD model from Subsection 3.3.3, the cpBGe model from
Subsection 3.3.4 and 3.3.5, or the regularized cpBGe model from Subsection 3.3.6
improve the modeling flexibility by introducing segmentations S of the data that
allow for modeling non-linear and non-homogeneous interactions between the network
nodes. Independently of whether the segmentations are induced by changepoints or
free allocation mixture models, or whether segmentations are node-specific or network-
wide, each of the expanded models is of the following form:

P (G,S|D) ∝ P (D|S,G)P (G)P (S) (139)

where S is the (network-)model-specific data segmentation, whose prior distribution
is given by P (S). These network-model expansions yield more flexible marginal like-
lihoods P (D|S,G) that for example can take non-homogenities into account, and the
original posterior probability P (G|D) is substituted for the marginal graph posterior
probability of the expanded model (NEW):

PNEW (G|D) =
∑

S

P (G,S|D) (140)

where the sum is over all valid data segmentations. Inserting Eq. (139) into Eq. (140)
yields:

PNEW (G|D) ∝ PNEW (D|G)P (G) (141)

where
PNEW (D|G) :=

∑

S

P (D|S,G)P (S) (142)

It can be seen from Eq. (141) that the more complex modeling frameworks do not
change the essential form of the original Bayesian network posterior probability, given
in Eq. (139). The only difference is that the modeling flexibility – inherent in the func-
tional form of the marginal likelihood PNEW (D|G) – is improved. Taking into account
that the sparseness of the data imposes an upper bound on the flexibility that can be
modeled, it is questionable whether the development of more flexible network models,
which in the absence of sufficiently ”rich” data sets cannot be learned properly, will
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be useful for practical applications in the field of systems biology.
On the other hand, throughout this thesis the prior distribution on the graph struc-
tures, P (G), was assumed to be a uniform distribution or a distribution that just
penalizes graphs according to their complexities (usually quantified in the number
of network edges). Even though uninformative priors can be justified in the absence
of any genuine prior knowledge about the true underlying graph topology, for most
applications in the field of systems biology there is a huge amount of available knowl-
edge from other data sources, which should not be ignored. In particular, building
more appropriate graph prior distributions from other ”rich” data sources is likely to
yield a more substantial improvement in the network reconstruction accuracy than de-
veloping more and more flexible Bayesian network models, which cannot be inferred
properly from sparse data anyway. First approaches, which systematically exploit
biological knowledge to improve the network reconstruction accuracy, have been pro-
posed by various authors (Tamada et al. (2003), Tamada et al. (2005), Nariai et al.
(2005), Imoto et al. (2006), and Werhli and Husmeier (2007)).52 E.g. Werhli and
Husmeier (2007) combine biological prior knowledge from the KEGG53 data base
with Markov Chain Monte Carlo (MCMC) sampling of Bayesian networks, and the
authors demonstrate that the integration of this knowledge yields a significantly bet-
ter network reconstruction accuracy for the RAF protein activation pathway (Sachs
et al., 2005) than Bayesian networks with uninformative graph prior distributions.
To reach the optimal network reconstruction accuracy, even the most flexible Bayesian
network models have to be combined with appropriate graph prior distributions, e.g.
extracted and generated from other sources of data, unless sufficiently large expression
data sets are available for computational systems biology. It is the full exploitation
of both aspects: (i) available biological prior knowledge and (ii) Bayesian modeling
capacity that is required to ensure that Bayesian networks stay an important proba-
bilistic Machine Learning method for the elucidation of regulatory network structures
in future systems biology research.

52E.g. (i) knowledge about transcription factor binding motifs in promoter sequences, (ii) knowl-
edge about known protein-protein interactions, (iii) knowledge about evolutionary information, or
(iv) knowledge about known pathways from databases, such as the Kyoto Encyclopedia of Genes
and Genomes (KEGG) pathways database.

53The Kyoto Encyclopedia of Genes and Genomes (KEGG) pathways database contains pathway
information for metabolism and other cellular processes. Details on the KEGG data base can for
example be found in Kanehisa (1997), Kanehisa and Goto (2000), and Kanehisa et al. (2006).
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